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kai pÐnakwn, antÐstoiqa
B(X) To sÔnolo twn grammik¸n kai fragmènwn telest¸n
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F (A) To arijmhtikì pedÐo tou tetragwnikoÔ pÐnaka A
r(A) H arijmhtik  aktÐna tou tetragwnikoÔ pÐnaka A
F (A; q) To q arijmhtikì pedÐo tou tetragwnikoÔ pÐnaka A
F[;](A) To arijmhtikì pedÐo hmi-eswterikoÔ ginomènou
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Fkk(A;B; q) To q arijmhtikì pedÐo tou pÐnaka A wc proc ton pÐnaka B
F kk(A;B) To sÔnolo Birkho{James  orjogwniìthtac tou
tou pÐnaka A wc proc ton pÐnaka B
A;AT ; A O suzug c, o anstrofoc kai o anastrofosuzug c
tou pÐnaka A, antÐstoiqa
tr(A) To Ðqnoc tou tetragwnikoÔ pÐnaka A
det(A) H orÐzousa tou tetragwnikoÔ pÐnaka A
rankA O bajmìc tou pÐnaka A
D(z0; ) O kleistìc kuklikìc dÐskoc me kèntro to z0 kai aktÐna 
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diagfa1; a2; : : : ; akg O pÐnakac me diag¸nia stoiqeÐa a1; a2; : : : ; ak kai ìla
ta mh diag¸nia stoiqeÐa tou mhdenik
Refzg; Imfzg To pragmatikì kai to fantastikì mèroc tou
z 2 C, antÐstoiqa
arg(z) To ìrisma tou z 2 C
P (z) Poluwnumikìc pÐnakac migadik c metablht c z
(P (z)) To fsma tou poluwnumikoÔ pÐnaka P (z)
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CofGg H kurt  j kh tou sunìlou G
Int[G] To eswterikì tou sunìlou G
@G To sÔnoro tou sunìlou G
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Eisagwg 
Sth paroÔsa diatrib  epiqeireÐtai h genÐkeush thc ènnoiac tou arijmhtikoÔ pedÐou
se pÐnakec pou den eÐnai kat' angkh tetragwnikoÐ. To klasikì arijmhtikì pedÐo
enìc tetragwnikoÔ pÐnaka F (A), A 2 Cnn eÐnai to sÔnolo twn tetragwnik¸n
morf¸n xAx, ìpou ta x eÐnai stoiqeÐa thc monadiaÐac sfaÐrac tou Cn. Dhlad ,
F (A) = fxAx : x 2 Cn; xx = 1g :
To sÔnolo autì lìgw thc aplìthtac tou orismoÔ tou kai tou meglou pl jouc
twn idiot twn pou prokÔptoun apì autìn, apoteleÐ èna idiaÐtera elkhstikì an-
tikeÐmeno èreunac sto q¸ro thc grammik c lgebrac kai thc anlushc pinkwn.
Prgmati, gnwrÐzontac to arijmhtikì pedÐo enìc tetragwnikoÔ pÐnaka, mporoÔme
na lboume arketèc plhroforÐec gia autìn ton pÐnaka. 'Etsi, prosèlkuse to en-
diafèron shmantikoÔ arijmoÔ ereunht¸n apì tic perioqèc thc anlushc pinkwn
kai thc jewrÐac telest¸n. Qarakthristik anafèrontai oi Ch. Davis, C.-K.
Li, C.R. Johnson, I. Spitkovsky, A. Markus kai N. Bebiano. Ekatontdec e-
reunhtikèc ergasÐec èqoun dhmosieujeÐ pnw sto sugkekrimèno antikeÐmeno kai
suneqÐzoun na dhmosieÔontai mèqri kai s mera. 'Enac shmantikìc stajmìc sth
melèth tou klasikoÔ arijmhtikoÔ pedÐou tetragwnik¸n pinkwn eÐnai h apìdeixh
thc kurtìthtc tou apì touc Toeplitz kai Hausdor to 1918. Sugkekrimèna, ton
Mio tou 1918 o Toeplitz [50] èdeixe ìti to \exwterikì" sÔnoro tou F (A) eÐnai
kurt  kampÔlh, en¸ to Noèmbrio thc Ðdiac qronic o Hausdor [23] apèdeixe thn
kurtìthta tou arijmhtikoÔ pedÐou. 'Ektote èqoun parousiasteÐ sth bibliogra-
fÐa diforec apodeÐxeic gia thn kurtìthta. Pèra apì thn kurtìthta, basikèc
kai axioshmeÐwtec idiìthtec tou arijmhtikoÔ pedÐou F (A) eÐnai ìti to F (A) eÐnai
sumpagèc uposÔnolo tou migadikoÔ epipèdou, pnta perièqei to fsma tou pÐnaka
A (dhlad , (A)  F (A)) kai ìti paramènei analloÐwto ktw apì orjomonadiaÐ-
ouc metasqhmatismoÔc omoiìthtac (dhlad , F (UAU) = F (A), ìpou U 2 Cnn
orjomonadiaÐoc).
Parllhla me thn ènnoia tou arijmhtikoÔ pedÐou anaptÔqjhke kai aut  thc
arijmhtik c aktÐnac r(A), dhlad  tou mègistou mètrou stoiqeÐou tou arijmhtikoÔ
pedÐou, r(A) = fmax jzj : z 2 F (A)g. Kai h arijmhtik  aktÐna me th seir thc
sugkèntrwse ta blèmmata arket¸n ereunht¸n, kurÐwc lìgw twn arijmhtik¸n e-
farmog¸n pou parousizei sth melèth thc sÔgklishc epanalhptik¸n mejìdwn gia
thn epÐlush grammik¸n susthmtwn knontac qr sh thc idiìthtac twn dunmewn
thc arijmhtik c aktÐnac (dhlad , r(An)  r(A)n). Endeiktik anafèroume tonM.
Eiermann [15] kai ton G.A. Watson [54] o opoÐoc asqol jhke me thn kataskeu 
algorÐjmwn gia ton upologismì thc.
To 2008, o F. Uhlig èjese èna antÐstrofo prìblhma gia to arijmhtikì pedÐo.
Sugkekrimèna, gia èna shmeÐo  sto eswterikì tou arijmhtikoÔ pedÐou, anaz -
thse monadiaÐo dinusma x tètoio ¸ste xAx = , proteÐnontac ènan algìrijmo
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gia thn epÐlush tou probl matoc autoÔ [51]. To 2009 o Carden asqol jhke me
to Ðdio prìblhma kai kataskeÔase ènan kalÔtero se akrÐbeia kai taqÔthta al-
gìrijmo [10]. Sto deÔtero keflaio thc diatrib c aut c parousizoume èna nèo
gewmetrikì algìrijmo gia to sugkekrimèno antÐstrofo prìblhma, pou basÐzetai
se stoiqei¸deic idiìthtec tou arijmhtikoÔ pedÐou.
To 1968, oi J.G. Stampi kai J.P. Williams [46] èdeixan ìti to arijmhtikì pe-
dÐo grfetai wc uperarijm simh tom  kuklik¸n dÐskwn. Sugkekrimèna, apèdeixan
ìti
F (A) = f 2 C : kA  Ink2  j  j; 8 2 Cg
dÐnontac mia nèa prooptik  sth melèth tou qwrÐou autoÔ. Autì diìti plèon to
arijmhtikì pedÐo orÐzetai qwrÐc th qr sh eswterikoÔ ginomènou all mìno me
th qr sh nìrmac. ParakinoÔmenoi apì th graf  aut  tou arijmhtikoÔ pedÐou,
sto trÐto keflaio orÐzoume gia pr¸th for èna arijmhtikì pedÐo gia ìqi kat'
angkh tetragwnikoÔc pÐnakec, pou to onomzoume arijmhtikì pedÐo enìc pÐnaka
A 2 Cnm wc proc èna pÐnaka B 2 Cnm. Sugkekrimèna, to arijmhtikì pedÐo
tou A wc proc ton B, gia mÐa nìrma k  k, orÐzetai na eÐnai
Fkk(A;B) = f 2 C : kA  Bk  j  j; 8 2 Cg
To sÔnolo autì ikanopoieÐ basikèc idiìthtec tou klasikoÔ arijmhtikoÔ pedÐou,
ìpwc h kurtìthta kai h sumpgeia. Sto keflaio autì epÐshc dikaiologoÔme thn
angkh qrhsimopoÐhshc tou deÔterou pÐnaka B, antÐ gia kpoiac genÐkeushc tou
monadiaÐou pÐnaka, ston orismì tou qwrÐou autoÔ, kaj¸c kai ikanèc kai anagkaÐec
sunj kec gia na eÐnai kal orismèno. Sth sunèqeia, parathreÐtai h sqèsh tou
nèou orismoÔ me thn ènnoia thc Birkho{James  orjogwniìthtac se èna grammi-
kì q¸ro me nìrma, proqwr¸ntac ètsi ston orismì twn sunìlwn Birkho{James
 orjogwniìthtac enìc pÐnaka A 2 Cnm wc proc èna pÐnaka B 2 Cnm gia
 2 [0; 1),
F kk(A;B) =
n
 2 C : kA  Bk 
p
1  2 kBk j  j; 8 2 C
o
:
ApodeiknÔoume ìti ta sÔnola aut eÐnai kal orismèna gia opoiousd pote pÐna-
kec A;B kai  2 [0; 1). Epiplèon, parajètoume mia seir apì idiìthtec gia ta
sÔnola aut, kpoiec apì tic opoÐec genikeÔoun gnwstèc idiìthtec tou klasikoÔ
arijmhtikoÔ pedÐou en¸ llec droÔn epexhghmatik.
Tautìqrona me th melèth tou klasikoÔ arijmhtikoÔ pedÐou enìc tetragwni-
koÔ pÐnaka, anmesa se pollèc genikeÔseic tou, orÐsthke kai melet jhke kai to
arijmhtikì pedÐo teragwnik¸n poluwnumik¸n pinkwn thc morf c
P (z) = Alz
l + Al 1zl 1 +   + A1z + A0;
ìpou z eÐnai mia migadik  metablht  kai Aj 2 Cnn (j = 0; 1; : : : ; l) me Al 6= 0, to
opoÐo eÐnai to sÔnolo
W (P (z)) = f 2 C : xP ()x = 0; x 2 Cn; x 6= 0g:
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An kai ìpwc anafèrame to sÔnolo autì xekÐnhse wc genÐkeush tou klasikoÔ
arijmhtikoÔ pedÐou, sth poreÐa apèkthse xeqwrist  jèsh sto q¸ro thc anlushc
pinkwn kai dhmioÔrghse apì mìno tou mia ereunhtik  perioq . EpishmaÐnetai de to
gegonìc ìti en¸ to sÔnolo autì eÐqe orisjeÐ arket pio prÐn (dekaetÐa tou 1970),
mìlic to 1994 ègine h pr¸th dhmosÐeush pnw sto jèma autì apì touc C.-K. Li kai
L. Rodman [36]. Apì to shmeÐo autì kai met arketoÐ ereunhtèc asqol jhkan me
to sugkekrimèno jèma, dhmosieÔontac apotelèsmata gia th morf , tic idiìthtec
kai tic efarmogèc tou sunìlou autoÔ. Kpoioi apì autoÔc eÐnai oi P. Lancaster,
A. Markus, H. Nakazato, I. Maroulc kai P. Yarrkoc.
Sto tètarto keflaio, qrhsimopoi¸ntac gia llh mia for th Birkho{James
 orjogwniìthta, genikeÔoume thn ènnoia tou arijmhtikoÔ pedÐou poluwnumikoÔ
pÐnaka se aut  tou sunìlou Birkho{James  orjogwniìthtac enìc poluwnu-
mikoÔ pÐnaka P (z) wc proc èna pÐnaka B Ðdiwn diastsewn, gia  2 [0; 1). To
sÔnolo autì eÐnai to
W kk(P (z)) =
n
 2 C : kP ()  Bk 
p
1  2 kBk jj; 8 2 C
o
:
Shmei¸noume ìti oi suntelestèc tou P (z) kai o pÐnakac B den eÐnai kat' angkh
tetragwnikoÐ pÐnakec. Gia ta nèa aut arijmhtik pedÐa poluwnumik¸n pinkwn
apodeiknÔoume pollèc apì tic idiìthtec pou isqÔoun sto klasikì arijmhtikì pe-
dÐo tetragwnikoÔ poluwnumikoÔ pÐnaka. Sugkekrimèna, parajètoume sunj kec
upì tic opoÐec ta sÔnola W kk(P (z)) eÐnai mh ken, exetzoume pìte eÐnai frag-
mèna kai meletme to sÔnoro touc. Epiplèon, meletme th morf  pou èqoun gia
sugkekrimènec nìrmec pinkwn ìpwc autèc pou epgontai apì eswterikì ginìmeno
pinkwn.
DhmosieÔseic apì thn paroÔsa diatrib 
 Ch. Chorianopoulos, S. Karanasios and P. Psarrakos, A denition of
numerical range of rectangular matrices, Linear and Multilinear Algebra,
57 (2009) 459{475.
 Ch. Chorianopoulos, P. Psarrakos and F. Uhlig, A method for the inverse
eld of values problem, Electronic Journal of Linear Algebra, 20 (2010)
198{206.
 Ch. Chorianopoulos and P. Psarrakos, Birkho{James approximate or-
thogonality sets and numerical ranges, Linear Algebra and its Applica-
tions, 434 (2011) 2089{2108.
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Keflaio 1
Arijmhtikì PedÐo PÐnaka
To pr¸to keflaio thc diatrib c apoteleÐ mia sunoptik  parousÐash tou (kla-
sikoÔ) arijmhtikoÔ pedÐou pÐnaka kai twn idiot twn tou. Poll apì ta apote-
lèsmata dÐnontai me gnwstèc apodeÐxeic touc [26, 31] gia lìgouc plhrìthtac kai
gia thn kalÔterh katanìhs  touc. Epiplèon, me ton trìpo autì, gÐnetai (sth su-
nèqeia) eÔkola antilhpt  h angkh qrhsimopoÐhshc diaforetik¸n apodeiktik¸n
teqnik¸n sta Keflaia 3 kai 4, ìpou oi nèoi orismoÐ basÐzontai sthn ènnoia thc
nìrmac pÐnaka antÐ aut c tou eswterikoÔ ginomènou dianusmtwn. Shmei¸netai
ìti olìklhrh h apodeiktik  diadikasÐa thc Paragrfou 1:3, mèqri kai to Pìrisma
1.3.5 eÐnai prwtìtuph.
1.1 Orismìc tou ArijmhtikoÔ PedÐou
Orismìc 1.1.1. To arijmhtikì pedÐo (numerical range, eld of values) enìc
tetragwnikoÔ pÐnaka A 2 Cnn orÐzetai wc to sÔnolo
F (A) = fxAx 2 C : x 2 Cn; xx = 1g :
Ta arijmhtik pedÐa kpoiwn apl¸n pinkwn eÐnai ta akìlouja:
1.
F (aIn) = fx(aIn)x : x 2 Cn; xx = 1g
= fa(xx) : x 2 Cn; xx = 1g
= fag:
2.
F

0 0
0 3

=

[x1 x2]

0 0
0 3
 
x1
x2

: jx1j2 + jx2j2 = 1

=

3jx2j2 : 0  jx2j2  1
	
;
dhlad  to arijmhtikì pedÐo eÐnai to kleistì disthma [0; 3].
1
3.
F

0 2
0 0

=

[x1 x2]

0 2
0 0
 
x1
x2

: jx1j2 + jx2j2 = 1

=

2x2 x1 : jx1j2 + jx2j2 = 1
	
;
dhlad  to arijmhtikì pedÐo tautÐzetai me ton kleistì monadiaÐo (kuklikì)
dÐsko D(0; 1) = fz 2 C : jzj  1g.
1.2 Basikèc Idiìthtec tou ArijmhtikoÔ
PedÐou
To arijmhtikì pedÐo enìc n  n migadikoÔ pÐnaka parousizei pollèc kai endia-
fèrousec idiìthtec oi perissìterec twn opoÐwn sqetÐzontai me th gewmetrÐa tou.
Prìtash 1.2.1. (Sumpgeia) Gia kje pÐnaka A 2 Cnn; to F (A) eÐnai sum-
pagèc uposÔnolo tou migadikoÔ epipèdou.
Apìdeixh. 'Amesh sunèpeia tou gegonìtoc ìti to pedÐo F (A) eÐnai eikìna thc
suneqoÔc apeikìnishc x 7! xAx apì th sumpag  monadiaÐa sfaÐra tou Cn sto
migadikì epÐpedo.
Prìtash 1.2.2. Gia kje A 2 Cnn kai a 2 C; isqÔoun
F (A+ aIn) = F (A) + a kai F (aA) = aF (A):
Prìtash 1.2.3. Gia ènan pÐnaka A = [aij] 2 Cnn, isqÔei F (A) = fag an kai
mìno an A = aIn.
Apìdeixh. To antÐstrofo èqei deiqjeÐ sthn eisagwg  tou kefalaÐou, sto pr¸to
pardeigma. Gia to eujÔ, apì thn Prìtash 1.2.2, qwrÐc blbh thc genikìthtac,
jewroÔme ìti a = 0 kai
xAx =
nX
i;j=1
(aij xixj) = 0;
gia kje dinusma x = [xi] 2 Cn me
nP
i=1
jxij2 = 1. Epilègontac gia x ta dia-
nÔsmata thc kanonik c bshc, prokÔptei mesa ìti ta diag¸nia stoiqeÐa tou A
eÐnai mhdenik. Epilègontac t¸ra monadiaÐa dianÔsmata x; y 2 Cn me xi =
p
2
2
kai
xj =
p
2
2
kai me yi =
p
2
2
kai yj = i
p
2
2
; gia kje i 6= j; blèpoume antÐstoiqa ìti
aij =  aji kai aij = aji (i 6= j). Epomènwc, aij = 0 (i 6= j) kai katal goume sto
ìti A = 0.
2
Pardeigma 1.2.1. JewroÔme ton 22 pÐnaka A =

1 2
0 3

. To arijmhtikì
tou pedÐo, ìpwc blèpoume kai sto Sq ma 1.1, eÐnai elleiptikìc dÐskoc me estÐec tic
dÔo idiotimèc tou, 1 = 1 kai 2 = 3. Sugkekrimèna, sthn epìmenh pargrafo
ja doÔme ìti to arijmhtikì pedÐo enìc 2 2 pÐnaka eÐnai pnta èlleiyh me estÐec
tic idiotimèc tou. Sto Ðdio sq ma dÐnontai kai ta arijmhtik pedÐa twn pinkwn
3A =

3 6
0 9

kai 3A+ (2 + i 5)I2 =

5 + i 5 6
0 11 + i 5

:
'Opwc eÐnai anamenìmeno apì thn Prìtash 1.2.2,
F (3A) = 3F (A) kai F (3A+ (2 + i 5) I) = F (A) + 2 + i 5:
−2 0 2 4 6 8 10 12 14
−4
−2
0
2
4
6
8
Real  Axis
Im
ag
in
ar
y 
 A
xis
F(A)
3F(A)
3F(A)+2+i5
Sq ma 1.1: Ta arijmhtik pedÐa F (A), F (3A) kai F (3A+ (2 + i 5)I2).
'Estw ènac tetragwnikìc pÐnakac A. Tìte oi pÐnakec
H(A) =
A+ A
2
kai S(A) =
A  A
2
onomzontai ermitianì mèroc kai antiermitianì mèroc tou A; antÐstoiqa. Parath-
roÔme ìti A = H(A)+S(A); kaj¸c kai ìti oi pÐnakec H(A) kai K(A) =  iS(A)
3
eÐnai ermitianoÐ. Gia èna migadikì arijmì, to fantastikì kai to pragmatikì tou
mèroc eÐnai oi probolèc tou ston fantastikì kai ston pragmatikì xona, antÐstoi-
qa. Kat anlogo trìpo, to arijmhtikì pedÐo tou ermitianoÔ kai antiermitianoÔ
mèrouc tou A eÐnai oi probolèc tou F (A) ston pragmatikì kai to fantastikì
xona, antÐstoiqa.
Prìtash 1.2.4. Gia kje pÐnaka A 2 Cnn, isqÔoun
F (H(A)) = RefF (A)g kai F (S(A)) = ImfF (A)g;
ìpou to Imfg perilambnei th fantastik  monda i.
Pìrisma 1.2.5. Gia ènan pÐnaka A 2 Cnn; isqÔei ìti F (A)  R an kai mìno
an o A eÐnai ermitianìc.
Apìdeixh. 'Estw F (A)  R kai A = H(A) + S(A), ìpou H(A); S(A) eÐnai
to ermitianì kai antiermitianì mèroc tou pÐnaka A, antÐstoiqa. Tìte gia kje
x 2 Cn, eÐnai xAx = x(H(A) + S(A))x = xH(A)x + xS(A)x 2 R. 'Omwc
xS(A)x 2 i  R, epomènwc S(A) = 0. Dhlad , o pÐnakac A eÐnai ermitianìc.
An t¸ra o pÐnakac A eÐnai ermitianìc, tìte gia kje x 2 Cn,
xAx = xH(A)x = x
A+ A
2
x =
1
2
(xAx+ xAx) = RefxAxg 2 R:
kai h apìdeixh oloklhr¸jhke.
Anloga, me aplèc prxeic apodeiknÔetai kai to akìloujo apotèlesma.
Prìtash 1.2.6. 'Estw ènac tetragwnikìc pÐnakac A.
(i) Genik isqÔei ìti F (AT ) = F (A) kai F (A) = F (A).
(ii) An o A eÐnai pragmatikìc, tìte to F (A) eÐnai summetrikì wc proc ton xona
twn pragmatik¸n arijm¸n.
Mia idiìthta tou arijmhtikoÔ pedÐou pou prosèlkuse apì polÔ nwrÐc to en-
diafèron twn ereunht¸n eÐnai to gegonìc ìti perièqei pnta to fsma.
Prìtash 1.2.7. Gia kje pÐnaka A 2 Cnn, to fsma tou, (A), perièqetai
sto arijmhtikì pedÐo F (A).
Apìdeixh. 'Estw  2 (A) kai x 2 Cn èna monadiaÐo idiodinusma thc idiotim c
. Tìte isqÔei  = (xx) = x(x) = xAx 2 F (A).
H parapnw idiìthta mac deÐqnei mesa ìti oi idiotimèc enìc jetik orismènou
pÐnaka eÐnai jetikoÐ arijmoÐ. Prgmati, èstw A 2 Cnn jetik orismènoc (dhlad 
xAx > 0 gia kje dinusma x 6= 0) kai (; x) 2 C  Cn èna idiozeÔgoc tou.
Tìte, an y = x=kxk, èpetai ìti kyk2 = 1 kai yy = y(y) = yAy > 0.
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Prìtash 1.2.8. (Upoprosjetikìthta) Gia kje A;B 2 Cnn; isqÔei
F (A+B)  F (A) + F (B):
GnwrÐzoume ìti ènac orjomonadiaÐoc metasqhmatismìc (dhlad , ènac metasqh-
matismìc isometrÐac) af nei analloÐwth thn epifneia thc monadiaÐac sfaÐrac tou
Cn. Epomènwc ja af nei analloÐwto kai to arijmhtikì pedÐo.
Prìtash 1.2.9. Gia kje A;U 2 Cnn; me U orjomonadiaÐo, isqÔei
F (UAU) = F (A):
Bsei thc parapnw idiìthtac, èqoume thn akìloujh shmantik  prìtash.
Prìtash 1.2.10. (Kanonikìthta) Gia kje kanonikì pÐnaka A 2 Cnn; isqÔei
F (A) = Cof(A)g, dhlad  to arijmhtikì pedÐo kanonikoÔ pÐnaka eÐnai h kurt 
j kh twn idiotim¸n tou.
Apìdeixh. 'Enac kanonikìc pÐnakac A eÐnai orjomonadiaÐa ìmoioc me ton diag¸nio
pÐnaka  = diag f1; 2; : : : ; ng ; ìpou 1; 2; : : : ; n eÐnai oi (ìqi kat' angkh
diakekrimènec) idiotimèc tou A. Dhlad , uprqei orjomonadiaÐoc pÐnakac U tè-
toioc ¸ste A = UU . 'Etsi apì thn Prìtash 1.2.9, èqoume
F (A) = F (UU) = F ()
= fxdiag f1; 2; : : : ; ngx : x 2 Cn; xx = 1g
=
(
nX
i=1
jxj2ii :
nX
i=1
jxj2i = 1
)
= Cof(A)g
pou oloklhr¸nei thn apìdeixh.
Pìrisma 1.2.11. An ènac A 2 Cnn eÐnai ermitianìc, tìte to arijmhtikì pedÐo
tou eÐnai to kleistì eujÔgrammo tm ma me kra thn elqisth kai mègisth idiotim 
tou A.
Pardeigma 1.2.2. Ac jewr soume ton nw trigwnikì pÐnaka
A =
24 3 + i 4  1 + i i 20 5 + i 4 2  i
0 0 6 + i 4
35
(genik mporoÔme, qwrÐc blbh thc genikìthtac, na qrhsimopoioÔme sta paradeÐg-
mat mac trigwnikoÔc pÐnakec lìgw tou Jewr matoc TrigwnopoÐhshc tou Schur
kai tou analloÐwtou tou arijmhtikoÔ pedÐou ktw apì orjomonadiaÐouc metasqh-
matismoÔc omoiìthtac). Sto Sq ma 1.2, o woeid c dÐskoc eÐnai to F (A). To
5
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Sq ma 1.2: Ta arijmhtik pedÐa F (A), F (H(A)) kai F (S(A)).
ermitianì mèroc tou A eÐnai
H(A) =
24 3  0:5 + i 0:5 i 0:5  i 0:5 5 1  i 0:5
 i 1 + i 0:5 6
35
me idiotimèc 1 = 2:622, 2 = 4:294 kai 3 = 7:084. To antiermitianì mèroc tou
A,
S(A) =
24 i 4  0:5 + i 0:5  i0:5 + i 0:5 i 4 1  i 0:5
i  1  i 0:5 i 4
35 ;
èqei idiotimèc 1 = i 5:743, 2 = i 3:816 kai 3 = i 2:441. To F (H(A)) eÐnai h
probol  tou F (A) ston pragmatikì xona, en¸ to pedÐo F (S(A)) eÐnai h probol 
tou F (A) ston fantastikì xona, ìpwc llwste upagoreÔei kai h Prìtash 1.2.4.
O pÐnakacH(A) eÐnai ermitianìc kai to arijmhtikì pedÐo F (H(A)) eÐnai to kleistì
pragmatikì disthma me kra thn elqisth kai th mègisth idiotim  tou, ìpwc
gnwrÐzoume kai apì to Pìrisma 1.2.11. O pÐnakac S(A) apì thn llh, eÐnai
antiermitianìc (ra kai kanonikìc) me fantastikèc idiotimèc kai apì thn Prìtash
1.2.10, to arijmhtikì pedÐo F (S(A)) tautÐzetai me thn kurt  j kh aut¸n twn
idiotim¸n.
6
Pìrisma 1.2.12. 'Enac ermitianìc pÐnakac eÐnai jetik orismènoc an kai mìno
an oi idiotimèc tou eÐnai jetikèc.
Pìrisma 1.2.13. 'Enac ermitianìc pÐnakac H eÐnai jetik orismènoc   jetik
hmiorismènoc an kai mìno an F (H)  (0;+1)   [0;+1); antÐstoiqa.
Gia na parousisoume thn epìmenh idiìthta tou arijmhtikoÔ pedÐou, prèpei na
upenjumÐsoume ìti to eujÔ jroisma dÔo pinkwn A 2 Cn1n1 kai B 2 Cn2n2
orÐzetai wc o (n1 + n2) (n1 + n2) pÐnakac
AB =

A 0
0 B

:
Prìtash 1.2.14. Gia kje A 2 Cn1n1 kai B 2 Cn2n2 ; isqÔei
F (AB) = CofF (A) [ F (B)g:
Apìdeixh. An A  B 2 C(n1+n2)(n1+n2), tìte gia kje monadiaÐo z 2 Cn1+n2 me
z =

x
y

(x 2 Cn1 ; y 2 Cn2), profan¸c isqÔei z(A  B) z = xAx + yBy.
Ed¸ yy = 1 an kai mìno an x = 0. Sthn perÐptwsh aut  z(A B) z = yB y;
sunep¸c F (B)  F (A B). 'Omoia mporeÐ kaneÐc na dei ìti F (A)  F (A B).
Apì tic sqèseic autèc èpetai mesa ìti F (A) [ F (B)  F (AB).
'Opwc ja deÐxoume paraktw se xeqwrist  pargrafo, to arijmhtikì pedÐo
enìc tetragwnikoÔ pÐnaka eÐnai kurtì uposÔnolo tou migadikoÔ epipèdou. 'Etsi
prokÔptei ìti CofF (A) [ F (B)g  F (A  B). ArkeÐ loipìn na deÐxoume ton
antÐjeto egkleismì gia na oloklhrwjeÐ h apìdeixh. 'Estw èna monadiaÐo dinusma
z =

x
y

(x 2 Cn1 ; y 2 Cn2). Tìte isqÔei
z(AB)z = xAx+ yBy = xx x
Ax
xx
+ yy
yBy
yy
2 CofF (A) [ F (B)g;
ìpou xx + yy = zz = 1. Dhlad , o arijmìc xAx + yBy eÐnai kurtìc
sunduasmìc stoiqeÐwn twn F (A) kai F (B).
Apì to pr¸to mèroc thc parapnw apìdeixhc prokÔptei mesa to akìloujo
apotèlesma.
Prìtash 1.2.15. Gia kje kÔrio upopÐnaka A^ enìc pÐnaka A 2 Cnn isqÔei
F (A^)  F (A).
Pardeigma 1.2.3. 'Estw oi pÐnakec A =

i 2
0  i

kai B = diagf1; 3; 3 +
i 2; 2 + i 3g. Ta arijmhtik touc pedÐa faÐnontai sto paraktw Sq ma 1.3. To
pedÐo F (A) eÐnai elleiptikìc dÐskoc me estÐec tic idiotimèc tou A; 1 = i kai
2 =  i. O pÐnakac B eÐnai kanonikìc, afoÔ eÐnai diag¸nioc, epomènwc to F (B)
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Sq ma 1.3: Ta arijmhtik pedÐa F (A), F (B) kai F (AB).
eÐnai h kurt  j kh twn idiotim¸n tou sÔmfwna me thn Prìtash 1.2.10. 'Etsi to
F (B) eÐnai to tetrpleuro me korufèc tic tèsseric idiotimèc tou pÐnaka B, 1 = 1,
2 = 3, 3 = 3 + i 2 kai 4 = 2 + i 3. To arijmhtikì pedÐo tou pÐnaka F (A B)
eÐnai h kurt  j kh twn F (A) kai F (B), ìpwc upagoreÔetai kai apì thn Prìtash
1.2.14.
Pardeigma 1.2.4. 'Estw oi pÐnakec Jordan
A =
24 0 1 00 0 1
0 0 0
35 ; B =
24 i 3 1 00 i 3 1
0 0 i 3
35 kai C =  3 + i 2 1
0 3 + i 2

:
Ta sÔnola F (A), F (B) kai F (C) faÐnontai sto Sq ma 1.4. To F (A) eÐnai
kuklikìc dÐskoc me kèntro to 0 kai aktÐna R = cos
 

4

. Shmei¸netai ìti to
arijmhtikì pedÐo enìc nn pÐnaka Jordan eÐnai pnta kuklikìc dÐskoc me kèntro
thn idiotim  tou kai aktÐna R = cos
 

n+1

[26]. 'Etsi ta pedÐa F (B) kai F (C)
eÐnai epÐshc kuklikoÐ dÐskoi me kèntra tic idiotimèc touc i 3 kai 3+ i 2, antÐstoiqa.
To arijmhtikì pedÐo F (ABC) eÐnai h kurt  j kh twn F (A), F (B) kai F (C),
ìpwc mporoÔme na doÔme kai sto sq ma, gegonìc anamenìmeno apì thn Prìtash
1.2.14.
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Sq ma 1.4: Ta arijmhtik pedÐa F (A), F (B), F (C) kai F (AB  C).
Mia ènnoia mesa sunufasmènh me aut  tou arijmhtikoÔ pedÐou eÐnai h arij-
mhtik  aktÐna (numerical radius) enìc tetragwnikoÔ pÐnaka A, h opoÐa orÐzetai
wc
r(A) = max fjzj : z 2 F (A)g :
Epigrammatik anafèroume tic basikèc idiìthtec thc arijmhtik c aktÐnac, tic o-
poÐec ja parousisoume qwrÐc apìdeixh. Autì diìti an kai parousizoun idiaÐtero
endiafèron gia th melèth tou arijmhtikoÔ pedÐou, den parousizoun qrhsimìthta
sth melèth twn ennoi¸n pou ja anaptuqjoÔn sth sunèqeia thc diatrib c.
H arijmhtik  aktÐna eÐnai upoprosjetik , idiìthta pou prokÔptei apì thn
upoprosjetikìthta tou arijmhtikoÔ pedÐou. Dhlad , gia A;B 2 Cnn, isqÔei h
trigwnik  anisìthta
r(A+B)  r(A) + r(B):
EpÐshc, gia kje A 2 Cnn; isqÔei
1
2
kAk2  r(A)  kAk2:
H arijmhtik  aktÐna enìc pÐnaka eÐnai dianusmatik  nìrma sto q¸ro twn nn
migadik¸n pinkwn, all den eÐnai nìrma pÐnaka. AntÐjeta, h 4r(A) eÐnai nìrma
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pÐnaka. Epiplèon, an
(A) = max fjj :  2 (A)g
eÐnai h fasmatik  aktÐna enìc pÐnaka A 2 Cnn, tìte (A)  r(A), diìti ì-
pwc eÐdame sthn Prìtash 1.2.7, to fsma enìc tetragwnikoÔ pÐnaka perièqetai
sto arijmhtikì tou pedÐo. H paraktw idiìthta eÐnai gnwst  san idiìthta twn
dunmewn thc arijmhtik c aktÐnac
r(Ak)  r(A)k; 8 k 2 N:
H idiìthta twn dunmewn eÐnai h idiìthta pou kajist thn arijmhtik  aktÐna èna
shmantikì ergaleÐo sth melèth thc taqÔthtac sÔgklishc epanalhptik¸n mejìdwn
stouc pÐnakec [15, 42].
1.3 To Arijmhtikì PedÐo wc Tom  DÐskwn
Sthn pargrafo aut  ja parousisoume ènan enallaktikì trìpo orismoÔ gia
to arijmhtikì pedÐo tetragwnik¸n pinkwn apodeiknÔontac pwc to pedÐo autì
ekfrzetai wc uperarijm simh tom  kuklik¸n dÐskwn. EÐnai polÔ shmantikì to
gegonìc ìti me th graf  pou ja deÐxoume, apokalÔptontai mesa shmantikèc idio-
thtèc tou. Mia apìdeixh gia th graf  aut  tou arijmhtikoÔ pedÐou eÐnai gnwst 
sth bibliografÐa kai ofeÐletai stouc J.G. Stampi kai J.P. Williams [46]. Mia
deÔterh, nèa apìdeixh paratÐjetai sth sunèqeia thc paragrfou kai sthrÐzetai
sthn ènnoia thc Birkho{James orjogwniìthtac pou orÐzetai se ènan grammikì
q¸ro me nìrma (X; k k). Sto q¸ro autì, h sugkekrimènh sqèsh orjogwniìthtac
den orÐzetai mèsw eswterikoÔ ginomènou all epgetai apì th nìrma k  k tou
q¸rou.
Orismìc 1.3.1. 'Estw (X; k  k) ènac grammikìc q¸roc me nìrma kai x; y 2 X
dÔo stoiqeÐa tou. Tìte lème ìti to x eÐnai Birkho{James orjog¸nio sto y kai
to sumbolÐzoume me x ?BJ y, an isqÔei kx+ yk  kxk gia kje  2 C.
Aut  h sqèsh orjogwniìthtac den eÐnai oÔte summetrik , oÔte prosjetik ,
all eÐnai omogen c [27]. Dhlad  an x ?BJ y, tìte gia kje a; b 2 C mh mhdenik,
isqÔei ax ?BJ by. IsqÔei epÐshc kai to epìmeno l mma to opoÐo deÐqnei ìti h sqèsh
aut  eÐnai mh tetrimmènh sto q¸ro (X; k  k) [27].
L mma 1.3.1. 'Estw (X; kk) ènac grammikìc q¸roc me nìrma. Gia opoiad pote
stoiqeÐa x; y 2 X uparqei a 2 C tètoio ¸ste na isqÔei x ?BJ (y + ax).
'Estw t¸ra ènac migadikìc q¸roc Banach (X; kk). OG. Lumer [37] èdeixe ìti
sto q¸ro autì pnta mporoÔme na orÐsoume èna migadikì hmi-eswterikì ginìmeno
[; ] : X X 7! C to opoÐo exarttai apì th nìrma k  k, tètoio ¸ste gia kje
x; y; z 2 X kai gia kje  2 C na isqÔoun:
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(i) [x+ y; z] = [x; z] + [y; z] kai [x; y] = [x; y],
(ii) [x; x] = kxk2 > 0 gia x 6= 0,
(iii) j[x; y]j2  [x; x][y; y].
Epiplèon, bsei twn parapnw orÐzetai kai to arijmhtikì pedÐo hmi-eswterikoÔ
ginomènou gia ènan telest  A 2 B(X) na eÐnai
F[;](A) = f[Ax; x] 2 C : x 2 X; [x; x] = 1g:
Ja deÐxoume sth sunèqeia ìti h kleist  kurt  j kh CofF[;](A)g tautÐzetai me
to qwrÐo
Fkk(A) = f 2 C : kA  Ik  j  j; 8 2 Cg
=
\
2C
D(; kA  Ik);
ìpou me D(; ) sumbolÐzoume ton kleistì kuklikì dÐsko me kèntro  kai aktÐna
.
L mma 1.3.2. 'Estw ènac migadikìc q¸roc Banach (X; k  k), A 2 B(X) ènac
grammikìc, fragmènoc telest c kai [; ] èna hmi-eswterikì ginìmeno pou epgetai
apì th nìrma k  k. Tìte isqÔoun ta paraktw:
(i) An I ?BJ A, tìte 0 2 CofF[;](A)g.
(ii) An 0 2 F[;](A), tìte I ?BJ A.
Apìdeixh.
(i) 'Estw ìti I ?BJ A, dhlad  kI + Ak  1 gia kje  2 C. 'Estw akìmh
gia topo, ìti 0 =2 CofF[;](A)g. Tìte uprqei gwnÐa  2 [0; 2] tètoia ¸ste
to sÔnolo CoF[;](eiA) = eiCofF[;](A)g na brÐsketai sto aristerì anoiqtì
hmiepÐpedo tou migadikoÔ epipèdou. Apì ton G. Lumer [37] ìmwc gnwrÐzoume ìti
lim
a!0+
kI + aeiAk
a
= supRefF[;](eiA)g;
ìpou to aristerì mèroc thc teleutaÐac isìthtac eÐnai pnta mh arnhtikì, en¸ to
dexÐ eÐnai arnhtikì. Odhghj kame loipìn se antÐfash, ra 0 2 CofF[;](A)g.
(ii) An 0 2 F[;](A), tìte uprqei x 2 X tètoio ¸ste [Ax; x] = 0. Epomènwc,
[(I A)x; x] = [x; x] = 1 gia kje  2 C. Apì tic idiìthtec tou hmi-eswterikoÔ
ginomènou èqoume
12 = j[(I   A)x; x]j2  k(I   A)xk2  kI   Ak2;
ra kI   Ak  1 gia kje  2 C, dhlad  I ?BJ A.
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L mma 1.3.3. Gia kje A 2 B(X) isqÔei
Fkk(A) = f 2 C : I ?BJ (A  I)g:
Apìdeixh. ParathroÔme ìti
Fkk(A) = f 2 C : kA  Ik  j  j; 8 2 Cg
= f 2 C : kA  I   (  )Ik  j  j; 8 2 Cg:
Apì th sunèqeia twn norm¸n, èqoume
Fkk(A) = f 2 C : kA  I   (  )Ik  j  j; 8 2 C n fgg
= f 2 C : k 1
  (A  I)  Ik  1; 8 2 C n fgg
= f 2 C : kI   (A  I)k  j  j; 8 2 Cg
kai h apìdeixh oloklhr¸jhke.
'Etsi katal goume sto epijumhtì apotèlesma.
Je¸rhma 1.3.4. 'Estw ènac migadikìc q¸roc Banach (X; kk). Tìte gia kje
A 2 B(X) isqÔei Fkk(A) = F[;](A), ìpou [; ] èna hmÐ-eswterikì ginìmeno pou
epgetai apì th nìrma k  k.
Apìdeixh. Apì ta prohgoÔmena l mmata èqoume
F[;](A) = f 2 C : 0 2 F[;](A  I)g
 f 2 C : I ?BJ (A  I)g
= Fkk(A)
 f 2 C : 0 2 CofF[;](A  I)gg
= CofF[;](A)g:
'Omwc afoÔ to Fkk(A) eÐnai (uperarijm simh) tom  kuklik¸n dÐskwn, èpetai mesa
ìti eÐnai kurtì kai sumpagèc. Epomènwc, Fkk(A) = F[;](A).
Sthn perÐptwsh twn migadik¸n q¸rwn peperasmènhc distashc, ìpwc o Cn,
mporoÔme na antikatast soume to hmi-eswterikì ginìmeno me to eukleÐdeio esw-
terikì ginìmeno pou pargei th nìrma k  k2. Apì thn parat rhsh aut  kai to
teleutaÐo je¸rhma prokÔptei mesa to epìmeno pìrisma.
Pìrisma 1.3.5. To arijmhtikì pedÐo enìc pÐnaka A 2 Cnn grfetai
F (A) = f 2 C : kA  Ink2  j  j; 8 2 Cg
=
\
2C
D (; kA  Ink2) :
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Dhlad , to arijmhtikì pedÐo enìc tetragwnikoÔ pÐnaka grfetai san upera-
rijm simh tom  kleist¸n kuklik¸n dÐskwn. Autìc o trìpoc graf c tou arijmhti-
koÔ pedÐou, af' enìc exasfalÐzei llh mia apìdeixh thc sumpgeiac tou sunìlou,
af' etèrou apokalÔptei me profan  trìpo th shmantik  idiìthta thc kurtìth-
tac (gia thn opoÐa uprqei pl joc apodeÐxewn sthn ektetamènh bibliografÐa pou
afor to arijmhtikì pedÐo).
Je¸rhma 1.3.6. (Toeplitz{Hausdor) Gia kje pÐnaka A 2 Cnn, to arijmh-
tikì tou pedÐo F (A) eÐnai kurtì.
Sthn perÐptwsh twn 2 2 tetragwnik¸n pinkwn, ìpwc  dh anafèrame, sum-
baÐnei kti axioshmeÐwto. Gia ènan pÐnaka A 2 C22 , to pedÐo F (A) eÐnai pnta
elleiptikìc dÐskoc. Sugkekrimèna, èqoume to akìloujo apotèlesma.
Je¸rhma 1.3.7. (Elleiptikì Je¸rhma) 'Estw A 2 C22 me idiotimèc 1; 2.
To arijmhtikì pedÐo tou A eÐnai ènac elleiptikìc dÐskoc me estÐec 1; 2 kai m koc
mikroÔ xona Ðso me
p
tr(AA)  j1j2   j2j2.
Apìdeixh. H apìdeixh (blèpe [33]) qrhsimopoieÐ basikèc idiìthtec tou arijmhti-
koÔ pedÐou ìpwc h strof  kai h metafor kai to ìti autì eÐnai analloÐwto upì
orjomonadiaÐouc metasqhmatismoÔc omoiìthtac. Ja diakrÐnoume kpoiec peript¸-
seic.
Arqik jewroÔme ìti o pÐnakac A eÐnai kanonikìc. Tìte apì thn Prìtash
1.2.10 to F (A) eÐnai eujÔgrammo tm ma me kra 1,2, to opoÐo mporeÐ na je-
wrhjeÐ wc ekfulismènh èlleiyh me estÐec 1; 2 kai m koc mikroÔ xona Ðso me
0.
'Estw t¸ra ìti o A den eÐnai kanonikìc. An antikatast soume ton A me
1
2
(A   tr(A)I2), tìte tr(A) = 0. An kai oi dÔo idiotimèc tou A eÐnai 0, apì
to Je¸rhma TrigwnopoÐhshc tou Schur, prokÔptei ìti o A eÐnai orjomonadiaÐa
ìmoioc me ènan pÐnaka thc morf c

0 b
0 0

, tou opoÐou to arijmhtikì pedÐo eÐnai
F (A) =

x1 x2
  0 b
0 0
 
x1
x2

: x1; x2 2 C; jx1j2 + jx2j2 = 1

=

bx1x2 : x1; x2 2 C; jx1j2 + jx2j2 = 1
	
;
to opoÐo eÐnai kuklikìc dÐskoc kai mporoÔme na to doÔme san èlleiyh me dÔo
estÐec Ðsec me 0 kai m koc mikroÔ xona Ðso me jbj.
'Estw t¸ra ìti o pÐnakac A èqei mh mhdenikèc idiotimèc a;  a. An antikata-
st soume ton A me A=a, tìte mporoÔme na upojèsoume ìti a = 1. AfoÔ o A den
eÐnai kanonikìc, pli apì to Je¸rhma trigwnipoÐhshc tou Schur, jewroÔme ìti
eÐnai orjomonadiaÐa ìmoioc me èna nw trigwnikì pÐnaka thc morf c

1 2c
0  1

me c > 0. 'Estw t¸ra C = f(A + A) + (A   A)g=2, ìpou  = p1 + c2=2.
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Tìte kai oi dÔo idiotimèc tou C eÐnai mhdenikèc kai o C eÐnai orjomonadiaÐa ì-
moioc me ton pÐnaka

0 2
p
1 + c2
0 0

. Apì ta prohgoÔmena ìmwc to F (C) eÐnai
kuklikìc dÐskoc me kèntro to 0 kai aktÐna
p
1 + c2. 'Omwc an (x + iy) 2 F (A)
autì shmaÐnei ìti (x+ i y) 2 F (C). AfoÔ ìmwc o dÐskoc F (C) èqei sÔnoro thc
morf c feitp1 + c2 : t 2 Rg, èqoume ìti to pedÐo F (A) èqei sÔnoro thc morf c
fcos(t)p1 + c2 + i c sin(t) : t 2 Rg. 'Ara to F (A) eÐnai elleiptikìc dÐskoc me
m kh meglou kai mikroÔ xona 2
p
1 + c2 kai 2c antÐstoiqa kai estÐec tic idiotimèc
1;  1.
H idiìthta thc kurtìthtac, pèra tou gegonìtoc ìti eÐnai h Ðdia polÔ endiafè-
rousa, gÐnetai idiaÐtera qr simh kai sthn apìdeixh llwn idiot twn tou arijmh-
tikoÔ pedÐou.
Je¸rhma 1.3.8. 'Estw ènac pÐnakac A 2 Cnn. Tìte to 0 den an kei sto
F (A) an kai mìno an uprqei  2 [0; 2] tètoioc ¸ste o ermitianìc pÐnakac
H(ei A) = 1
2
(ei A+ e i A) na eÐnai jetik orismènoc.
Apìdeixh. Apì thn Prìtash 1.2.4, to eujÔ prokÔptei mesa afoÔ an o pÐnakac
H(ei A) eÐnai jetik orismènoc gia kpoio  2 [0; 2], tìte to pedÐo F (ei A)
brÐsketai sto dexiì anoiqtì hmiepÐpedo tou C. Epomènwc, to 0 den an kei sto
F (ei A); ra den an kei kai sto F (A).
Gia to antÐstrofo, upenjumÐzoume ìti apì ta diaqwristik jewr mata, upr-
qei eujeÐa ` sto epÐpedo tètoia ¸ste kajèna apì ta xèna sumpag  kai kurt
sÔnola f0g kai F (A) na brÐskontai ekatèrwjen thc `. Strèfontac touc xonec
katllhla ¸ste h ` na sumpèsei me mia katakìrufh eujeÐa sto dexiì anoiqtì
hmiepÐpedo, prokÔptei ìti gia th sugkekrimènh aut  strof   2 [0; 2]; to arij-
mhtikì pedÐo F (ei A) = ei F (A) an kei sto dexiì anoiqtì hmiepÐpedo. 'Ara o
ermitianìc pÐnakac H(ei A) = 1
2
(ei A+ e i A) eÐnai jetik orismènoc.
Pìrisma 1.3.9. 'Estw ènac pÐnakac A 2 Cnn. Tìte isqÔoun ta akìlouja:
(i) 0 2 Int[F (A)] an kai mìno an gia kje  2 [0; 2] o H(ei A) eÐnai aìristoc.
(ii) 0 2 @F (A) an kai mìno an uprqei 0 2 [0; 2 ] tètoio ¸ste o pÐnakac
H(ei 0A) na eÐnai mh antistrèyimoc kai jetik hmiorismènoc.
(iii) 0 =2 F (A) an kai mìno an uprqei 0 2 [0; 2] tètoio ¸ste o pÐnakac
H(ei 0A) na eÐnai jetik orismènoc.
1.4 Prosèggish tou ArijmhtikoÔ PedÐou
Genik, gia èna shmeÐo  tou arijmhtikoÔ pedÐou F (A); den eÐnai eÔkolo na upo-
logÐsoume ta monadiaÐa dianÔsmata x 2 Cn pou ikanopoioÔn th sqèsh xAx = .
Kti tètoio eÐnai analutik efiktì mìno sthn perÐptwsh \akraÐwn" sunoriak¸n
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shmeÐwn. Thn perÐptwsh twn eswterik¸n shmeÐwn th meletme arijmhtik sto
epìmeno keflaio.
L mma 1.4.1. An A 2 Cnn kai x0 2 Cn me x0x0 = 1; tìte ta akìlouja eÐnai
isodÔnama:
(i) Re fx0Ax0g = maxfRefag : a 2 F (A)g,
(ii) x0H(A)x0 = maxfh : h 2 F (H(A))g kai
(iii) H(A)x0 = max(H(A)),
ìpou max(H(A)) eÐnai h megalÔterh idiotim  tou ermitianoÔ pÐnaka H(A).
Apìdeixh. H isodunamÐa twn (i) kai (ii) èpetai apì to gegonìc ìti
RefxAxg = 1
2
(xAx+ xAx) =
1
2
(xAx+ xAx) = xH(A)x:
'Estw t¸ra fy1; y2; : : : ; yng mia bsh idiodianusmtwn tou H(A) pou antistoiqoÔn
stic idiotimèc 1  2      n tou H(A); dhlad  H(A) yj = jyj. Tìte to
dinusma x0 2 Cn mporeÐ na grafeÐ sth morf  x0 =
nP
j=1
cjyj me
nP
j=1
cjcj = 1; ¸ste
x0x0 = 1. Epomènwc, h posìthta
x0H(A)x0 =
nX
j=1
cjcjj =
nX
j=1
jcjj2j
lambnei th mègisth dunat  tim  thc ìtan c1 = 1 kai c2 =    = cn; dÐnontac ètsi
thn isodunamÐa metaxÔ twn (i) kai (ii).
Apì to prohgoÔmeno l mma epalhjeÔetai ìti
maxfRefag : a 2 F (A)g = maxfh : h 2 F (H(A))g = max(H(A)):
Autì shmaÐnei ìti to \dexiìtero" shmeÐo tou F (A) èqei pragmatikì mèroc th
mègisth idiotim  tou ermitianoÔ mèrouc tou pÐnaka A, max(H(A)). Ousiastik
to l mma lèei ìti an upologisjeÐ h max(H(A)) kai èna monadiaÐo idiodinusm
thc x, tìte to \dexiìtero" sunoriakì shmeÐo tou F (A) eÐnai to xAx. Epiplèon,
h katakìrufh eujeÐa fmax(H(A)) + i t : t 2 Rg eÐnai efaptomènh tou kurtoÔ
sunìlou F (A) se autì to sunoriakì shmeÐo. Qrhsimopoi¸ntac loipìn th sqèsh
e i  F (ei  A) = F (A); eÐnai dunatìn na proume ìsa sunoriak shmeÐa kai ìsec
efaptìmenec eujeÐec jèloume strèfontac kat diforec gwnÐec to arijmhtikì
pedÐo F (A) kai knontac ton apaitoÔmeno upologismì twn idiozeug¸n.
Gia mia gwnÐa  2 [0; 2]; orÐzoume  = max(H(ei A)) kai x 2 Cn èna
antÐstoiqo monadiaÐo idiodinusma. Dhlad , H(ei A)x = x me xx = 1.
SumbolÐzoume epÐshc l thn efaptìmenh eujeÐa fe i ( + i t) : t 2 Rg kai sum-
bolÐzoume to hmiepÐpedo pou orÐzetai apì thn l kai perièqei to pedÐo F (A), me
H = e
 i fz : Refzg  g. Bsei twn parapnw èqoume to akìloujo apotèle-
sma.
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Je¸rhma 1.4.2. Gia kje A 2 Cnn kai kje  2 [0; 2]; o migadikìc arijmìc
p = x

Ax eÐnai èna sunoriakì shmeÐo tou F (A). H eujeÐa l eÐnai efaptìmenh
tou F (A) me p 2 l \ F (A) kai F (A)  H gia kje  2 [0; 2 ].
Epeid  to F (A) eÐnai kurtì, gÐnetai epoptik toulqiston fanerì ìti kje
sunoriakì shmeÐo tou emfanÐzetai wc èna p kai gia kje  =2 F (A) uprqei mia
eujeÐa l pou af nei to F (A) kai to  se diaforetik hmiepÐpeda, dhlad   =2 H
en¸ F (A) 2 H. 'Etsi to arijmhtikì pedÐo mporeÐ na grafeÐ wc peirh tom 
kleist¸n hmiepipèdwn, ìpwc faÐnetai sto paraktw je¸rhma.
Je¸rhma 1.4.3. Gia kje A 2 Cnn,
F (A) = Co fp : 0    2 g =
\
02
H:
AfoÔ de gÐnetai na upologÐsoume peira shmeÐa p kai peirec eujeÐec l; apl
arkoÔmaste se èna diakritì anlogo tou teleutaÐou jewr matoc, epilègontac mia
diamèrish tou [0; 2 ]; èstw  = f1; 2; : : : ; kg; ìpou 0  1  2      k =
2 . An pi (i = 1; 2; : : : ; k) eÐnai ta diadoqik sunoriak shmeÐa tou F (A) kai
Hi (i = 1; 2; : : : ; k) eÐnai ta antÐstoiqa hmiepÐpeda pou orÐzontai apì tic efaptì-
menec eujeÐec li (i = 1; 2; : : : ; k) tou F (A) sta shmeÐa pi ; tìte orÐzoume to
eggegrammèno sto F (A) polÔgwno Fin(A;) = Co fp1 ; : : : ; pkg kai to perige-
grammèno sto F (A) polÔgwno Fout(A;) = H1 \H2 \    \Hk . Ta dÔo aut
sÔnola eÐnai eswterik  kai exwterik  prosèggish antÐstoiqa gia to F (A), afoÔ
eÐnai profanèc ìti gia kje diamèrish  = f1; 2; : : : ; kg; isqÔei
Fin(A;)  F (A)  Fout(A;):
Sta paradeÐgmata thc diatrib c, qrhsimopoioÔme thn parapnw mèjodo gia thn
prosèggish-sqedÐash tou (klasikoÔ) arijmhtikoÔ pedÐou F (A) mèsw tou egge-
grammènou polug¸nou Fin(A;), gia diamèrish  me k = 120.
1.5 SÔnoro tou ArijmhtikoÔ PedÐou
To arijmhtikì pedÐo enìc 2 2 pÐnaka A =

1 b
0 2

; eÐnai
 èna shmeÐo tou migadikoÔ epipèdou an kai mìno an 1 = 2 kai b = 0,
 to kleistì eujÔgrammo tm ma me kra ta 1; 2 an kai mìno an 1 6= 2 kai
b = 0,
 ènac kuklikìc dÐskoc me aktÐna jbj=2 an kai mìno an 1 = 2 kai
 ènac elleiptikìc dÐskoc me estÐec tic 1; 2 an kai mìno an 1 6= 2 kai
b 6= 0.
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Ti gÐnetai ìmwc gia pÐnakec megalÔterwn diastsewn; Se megalÔterec diastseic
sunantme mia polÔ pio ploÔsia poikilÐa sqhmtwn kai morf¸n gia to arijmhtikì
pedÐo tetragwnik¸n pinkwn. Apì thn Prìtash 1.2.10, kje kurtì polÔgwno
eÐnai to arijmhtikì pedÐo enìc kanonikoÔ pÐnaka tou opoÐou oi idiotimèc eÐnai oi
korufèc tou polug¸nou autoÔ. 'Etsi kje fragmèno kai kurtì sÔnolo mporeÐ
na proseggisteÐ apì to arijmhtikì pedÐo enìc tetragwnikoÔ pÐnaka tou opoÐou h
distash mporeÐ na apaithjeÐ na eÐnai meglh.
Sthn pargrafo aut , basikìc stìqoc mac eÐnai na parousisoume kpoia
stoiqeÐa gia th morf  tou arijmhtikoÔ pedÐou enìc tetragwnikoÔ pÐnaka, kaj¸c
kai th sqèsh tou sunìrou tou F (A); @F (A), me to fsma tou A. 'Ena a 2 @F (A)
kaleÐtai gwniakì shmeÐo (angular point, sharp point) tou F (A) an uprqoun
gwnÐec 1 kai 2 me 0  1  2 < 2 kai 1   2 < ; gia tic opoÐec
Refei ag = maxfRefbg : b 2 F (ei A)g; gia kje  2 (1; 2):
Je¸rhma 1.5.1. 'Estw ènac pÐnakac A 2 Cnn. An a eÐnai èna gwniakì shmeÐo
tou F (A), tìte to a eÐnai idiotim  tou A.
Apìdeixh. Apì thn idiìthta thc metaforc tou arijmhtikoÔ pedÐou, upojètoume
ìti a = 0, qwrÐc blbh thc genikìthtac. 'Estw x 2 Cn tètoio ¸ste xAx = 0
kai èstw y 2 Cn èna tuqaÐo monadiaÐo dinusma. JewroÔme th sunrthsh
Gy(; z) = (x+ zy)
(In   A)(x+ zy)
= (z2 + 2Refxygz + 1)  ((yAy)z2 + 2RefyAxgz)
= (  y(z))Ry(z)
twn ; z 2 C. H sunrthsh
y(z) =
(yAy)z2 + 2RefyAxgz
z2 + 2Refxygz + 1 ;
eÐnai analutik  se mia perioq  tou 0 kai isqÔei y(0) = 0, en¸ h sunrthsh
Ry(z) = z
2 + 2Refxygz + 1
eÐnai analutik  kai den mhdenÐzetai se perioq  tou 0. Profan¸c, uprqei " > 0
tètoio ¸ste gia kje t 2 (0; ") na eÐnai
0 = Gy(y(t); t) = (x+ ty)
(y(t)In   A)(x+ ty):
Sunep¸c, gia kje t 2 (0; "),
y(t) =
[(yAy)t+ 2RefyAxg]t
t2 + 2Refxygt+ 1 2 F (A)
kai afoÔ to 0 eÐnai gwniakì shmeÐo tou arijmhtikoÔ pedÐou tou pÐnaka A, h kam-
pÔlh y(t) an kei se ènan k¸no
K0 = f! 2 C : 1  Argf!g  2; 0 < 2   1   0 < g:
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Gia " katllhla mikrì, o lìgoc t=t2 + 2Refxygt + 1 eÐnai jetikìc gia kje
t 2 (0; "). Tìte apì ton tÔpo thc kampÔlhc y(t), aut  an kei ston k¸no K0 gia
kje y 2 Cn (aujaÐreto) an kai mìno an Ax = 0. Epomènwc, to 0 eÐnai idiotim 
tou pÐnaka A kai x to antÐstoiqo monadiaÐo idiodinusm tou.
Pìrisma 1.5.2. 'Estw ènac pÐnakac A 2 Cnn. To arijmhtikì pedÐo F (A)
èqei to polÔ n gwniak shmeÐa. Epiplèon, eÐnai kurtì polÔgwno an kai mìno an
F (A) = Cof(A)g.
Prèpei na anafèroume bèbaia ìti an kai kje gwniakì shmeÐo tou arijmhtikoÔ
pedÐou eÐnai idiotim  sto sÔnoro tou arijmhtikoÔ pedÐou, to antÐstrofo den isqÔei.
Mia idiotim   2 (A) kaleÐtai kanonik  an h gewmetrik  thc pollaplìthta
isoÔtai me thn algebrik  thc pollaplìthta kai kje idiodinusma tou A pou
antistoiqeÐ sth  eÐnai kjeto se kje idiodinusma llhc idiotim c. AkoloujeÐ
èna je¸rhma pou mac exasfalÐzei thn kanonikìthta kje idiotim c pou brÐsketai
sto sÔnoro tou arijmhtikoÔ pedÐou enìc tetragwnikoÔ pÐnaka.
Je¸rhma 1.5.3. An A 2 Cnn kai a 2 @F (A)\(A); tìte to a eÐnai kanonik 
idiotim  tou pÐnaka A. Epiplèon, an m eÐnai h pollaplìthta thc a; tìte o A eÐnai
orjomonadiaÐa ìmoioc me ènan pÐnaka thc morf c a ImB; ìpou B 2 C(n m)(n m)
kai a =2 (B).
Apìdeixh. An h algebrik  pollaplìthta tou a eÐnai m; tìte sÔmfwna me to
Je¸rhma TrigwnopoÐhshc Schur, o A eÐnai orjomonadiaÐa ìmoioc me ènan nw
trigwnikì pÐnaka T tou opoÐou ta pr¸ta m diag¸nia stoiqeÐa eÐnai Ðsa me a kai
ta upìloipa eÐnai oi upìloipec idiotimèc tou A. Upojètoume ìti o T èqei mh
mhdenikì stoiqeÐo ektìc thc kurÐac diagwnÐou se mia apì tic m pr¸tec grammèc
tou. Tìte uprqei ènac kÔrioc 2 2 upopÐnakac T0 =

a c
0 b

; me c 6= 0. 'Omwc
to arijmhtikì pedÐo F (T0) eÐnai   kuklikìc dÐskoc me aktÐna jcj=2 (ìtan a = b)   mh
ekfulismènh èlleiyh me estÐec a; b. 'Etsi èqoume ìti to a eÐnai eswterikì shmeÐo
tou F (T0). 'Omwc F (T0)  F (T ) = F (A); apì tic Protseic 1.2.9 kai 1.2.15.
Dhlad , to a eÐnai eswterikì tou F (A), topo afoÔ to a eÐnai sunoriakì shmeÐo
tou F (A). Apì to topo autì katal goume sto sumpèrasma ìti den uprqoun
mh mhdenik stoiqeÐa ektìc thc kurÐac diag¸niou stic m pr¸tec grammèc tou T .
'Etsi T = aIm  B; B 2 C(n m)(n m). Ta upìloipa sumpersmata prokÔptoun
mesa.
Pìrisma 1.5.4. An n   1 idiotimèc tou pÐnaka A 2 Cnn (sunupologÐzontac
kai tic algebrikèc pollaplìthtec) an koun sto sÔnoro tou F (A), tìte o pÐnakac
A eÐnai kanonikìc.
Pìrisma 1.5.5. 'Estw ènac pÐnakac A 2 Cnn. Tìte F (A) = Cof(A)g an
kai mìno an o A eÐnai kanonikìc   eÐnai orjomonadiaÐa ìmoioc me ènan pÐnaka thc
morf c

A1 0
0 A2

, ìpou o A1 eÐnai kanonikìc kai F (A2)  F (A1).
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Pìrisma 1.5.6. An A 2 Cnn kai n  4; tìte o A eÐnai kanonikìc an kai mìno
an F (A) = Cof(A)g.
1.6 Mia GenÐkeush tou ArijmhtikoÔ PedÐou
'Ena qarakthristikì tou klasikoÔ arijmhtikoÔ pedÐou teragwnik¸n pinkwn eÐnai
o megloc arijmìc genikeÔse¸n tou pou parousizontai kai melet¸ntai susthma-
tik sth bibliografÐa. Ed¸ ja parousisoume mìno mÐa apo tic genikeÔseic tou,
h opoÐa ja mac faneÐ qr simh sth sunèqeia.
Orismìc 1.6.1. To q arijmhtikì pedÐo enìc pÐnaka A 2 Cnn orÐzetai wc to
sÔnolo
F (A; q) = fyAx : x; y 2 Cn; yy = 1; xx = 1; yx = qg ;
gia 0  q  1.
To q arijmhtikì pedÐo èqei melethjeÐ se bjoc apì polloÔc ereunhtèc kai
apoteleÐ mia apo tic poludoulemènec, ereunhtik, genikeÔseic tou klasikoÔ a-
rijmhtikoÔ pedÐou [2, 34, 35]. Ja parousisoume en suntomÐa kpoiec apì tic
basikìterec idiìthtec autoÔ tou pedÐou. ParathroÔme ìti gia q = 1, prokÔptei
ìti F (A; 1) = F (A), gia opoiond pote pÐnaka A 2 Cnn.
Je¸rhma 1.6.1. 'Estw A 2 Cnn. Gia kje q 2 [0; 1], to pedÐo F (A; q) eÐnai
sumpagèc kai kurtì.
Je¸rhma 1.6.2. 'Estw A 2 Cnn. Tìte isqÔoun ta paraktw:
(i) F (SAS; q)  F (A; q), gia kje pÐnaka S 2 Cnm me SS = Im.
(ii) F (A; q) = F (UAU ; q), gia kje U 2 Cnn orjomonadiaÐo.
(iii) F (aA+ bIn; q) = aF (A; q) + bq, gia kje a; b 2 C.
(iv) F (A; qz) = zF (A; q), gia kje z 2 C me jzj = 1.
(v) F (A; q) = fzg an kai mìno an A = In kai q = z.
Apì th melèth tou arijmhtikoÔ pedÐou F (A) enìc pÐnaka A 2 Cnn eÐdame
ìti to sÔnoro @F (A) mporeÐ na èqei gwniak shmeÐa kai mlista, an o pÐnakac A
eÐnai kanonikìc, tìte to F (A) eÐnai kurtì polÔgwno, sugkekrimèna eÐnai h kurt 
j kh twn idiotim¸n tou A. Sto epìmeno je¸rhma apokalÔptetai h sqèsh tou
fsmatoc enìc tetragwnikoÔ pÐnaka kai tou q arijmhtikoÔ tou pedÐou.
Je¸rhma 1.6.3. 'Estw A 2 Cnn kai 0  q < 1. Tìte h Cofq(A)g 
F (A; q). Epiplèon, an o pÐnakac A den eÐnai pollaplsio tou monadiaÐou pÐnaka
kai q < 1, tìte Cofq(A)g  Int[F (A; q)].
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Je¸rhma 1.6.4. 'Estw A 2 Cnn kai 0 < q1 < q2  1. Tìte isqÔei ìti
1
q2
F (A; q2)  1
q1
F (A; q1)
Je¸rhma 1.6.5. 'Estw A 2 Cnn kai èstw R = inf
2C
fkA   Ink2g. Tìte
F (A; 0) = D(0; R).
Mia qarakthristik  idiìthta tou q arijmhtikoÔ pedÐou eÐnai to ìti gia q < 1
de mporeÐ na èqei gwniak shmeÐa.
Je¸rhma 1.6.6. 'Estw A 2 Cnn kai 0  q < 1. An A 6= aIn, tìte to
@F (A; q) eÐnai pantoÔ diaforÐsimo. Sugkekrimèna to @F (A) den mporeÐ na eÐnai
kurtì polÔgwno h eujÔgrammo tm ma.
'Eqei parathrhjeÐ apì th melèth tou q arijmhtikoÔ pedÐou pwc to sunorì
tou den èqei eujÔgramma tm mata gia q < 1, qwrÐc ìmwc na èqei apodeiqjeÐ.
Sto Keflaio 3, ja apodeiqjeÐ ìti prgmati to sÔnorì tou gia q < 1 den èqei
eujÔgramma tm mata.
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Keflaio 2
'Ena AntÐstrofo Prìblhma gia
to Arijmhtikì PedÐo
2.1 To AntÐstrofo Prìblhma
Sto keflaio autì parousizoume ènan algìrijmo gia thn epÐlush enìc anti-
strìfou probl matoc tou arijmhtikoÔ pedÐou. Autì to prìblhma diatup¸netai
wc ex c:
'Estw ènac pÐnakac A 2 Cnn kai èna eswterikì shmeÐo  tou arijmhtikoÔ
tou pedÐou F (A). MporeÐ na brejeÐ èna monadiaÐo dinusma x 2 Cn tètoio ¸ste
 = xAx ;
'Ena tètoio dinusma x ja to kaloÔme genn tora tou . O algìrijmoc pou ja
parousisoume gia thn epÐlush tou probl matoc autoÔ basÐzetai stic pio basikèc
idiìthtec tou F (A) ìpwc h kurtìthta, h strof  kai h metafor, idiìthtec pou
sqolisthkan sto prohgoÔmeno keflaio. Shmei¸noume ìti h eÔresh gennhtìrwn
gia sunoriak shmeÐa tou arijmhtikoÔ pedÐou èqei ousiastik antimetwpisteÐ sthn
Pargrafo 1.4.
H epÐlush tou parapnw antistrìfou probl matoc mporeÐ na jewrhjeÐ kai
ènac trìpoc elègqou gia to an èna dedomèno  2 C eÐnai shmeÐo tou arijmhtikoÔ
pedÐou   ìqi. To na gnwrÐzei kaneÐc an ènac migadikìc an kei sto arijmhtikì pedÐo
enìc pÐnaka èqei idiaÐterh shmasÐa sth melèth susthmtwn. Autì diìti h sunj kh
\ 0 2 F (A) " sundèetai mesa me thn eustjeia suneq¸n susthmtwn thc morf c
_x = Ax kai diakrit¸n susthmtwn thc morf c xk+1 = Axk [11, 24]. 'Enac apì
touc lìgouc eÐnai to gegonìc ìti h sugkekrimènh sunj kh eÐnai isodÔnamh me th
dunatìthta diagwnopoÐhshc tou pÐnaka mèsw sqèshc isotimÐac [26]. Epiplèon,
gÐnetai katanoht  h angkh upologismoÔ thc apìstashc tou 0 apì to sÔnoro
tou arijmhtikoÔ pedÐou (eÐte 0 2 F (A), eÐte 0 =2 F (A)). Me ton trìpo autì to
prìblhma thc eustjeiac metafèretai sto upologismì thc elqisthc apìstashc
tou 0 apì to sÔnoro tou pedÐou F (A) . H apìstash aut  eÐnai gnwst  kai wc
arijmìc Crawford [11, 24, 52].
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UpenjumÐzoume ìti to ermitianì kai antiermitianì mèroc tou A 2 Cnn eÐnai
H(A) =
A+ A
2
kai S(A) = iK(A) =
A  A
2
(dhlad , K(A) = (A  A)=(i 2)), antÐstoiqa, ètsi ¸ste
A = H(A) + S(A) = H(A) + iK(A);
O F. Uhlig [51] èjese pr¸toc to parapnw antÐstrofo prìblhma kai prìteine
ènan polÔploko gewmetrikì algìrijmo gia thn epÐlus  tou. O algìrijmìc tou
pargei (me tuqaÐo trìpo) shmeÐa tou pedÐou F (A) pou peribloun to , knontac
qr sh tou gegonìtoc ìti ta sunoriak shmeÐa tou F (A) kai oi monadiaÐoi gennh-
torèc touc mporoÔn na upologistoÔn apì th mèjodo idiotim¸n tou C.R. Johnson
[28] pou perigryame sthn Pargrafo 1:4. 'Epeita, h mèjodoc tou F. Uhlig [51]
suneqÐzei me mia epanalhptik  diadikasÐa na periblei to epijumhtì shmeÐo  me
ìlo kai kontinìter tou shmeÐa tou F (A).
Sth sunèqeia, o R. Carden [10] parat rhse th sÔndesh metaxÔ tou antÐstro-
fou probl matoc tou arijmhtikoÔ pedÐou me epanalhptikèc mejìdouc epÐlushc
idioproblhmtwn kai parousÐase mia pio apl  mèjodo pou basÐzetai sta dianÔ-
smata Ritz ìpwc aut qrhsimopoioÔntai sth mèjodo Arnoldi. Me ton trìpo autì
katfere na prei akrib  apotelèsmata gia ta perissìtera shmeÐa  me lÐgec
epanal yeic. Sugkekrimèna h mejodìc tou basÐzetai:
(a) sthn kataskeu , me epanalhptik  diadikasÐa, tri¸n shmeÐwn tou F (A) pou
peribloun to  kai touc antÐstoiqouc gennhtorèc touc kai
(b) sto gegonìc ìti, dojèntwn dÔo shmeÐwn 1; 2 2 F (A) kai twn gennhtìrwn
touc, mporoÔme na prosdiorÐsoume ènan genn tora gia kje kurtì sundua-
smì twn 1 kai 2 pragmatopoi¸ntac upobibasmì sthn 2 2 perÐptwsh.
To megalÔtero mèroc tou upologistikoÔ kìstouc thc epanalhptik c diadikasÐac
gia na perikuklwjeÐ to  apì shmeÐa tou arijmhtikoÔ pedÐou me gnwstoÔc gen-
n torec brÐsketai ston upologismì twn idiotim¸n kai twn idiodinusmtwn touc,
ìpou kje idioanlush kostÐzei O(n3) gia ènan n  n pÐnaka A. 'Otan to  pe-
rikuklwjeÐ, to upologistikì kìstoc pou apomènei exarttai apì ton upologismì
twn tetragwnik¸n morf¸n xAx   xAy , pou h kajemÐa kostÐzei mìno O(n2).
Ed¸ ja parousisoume ènan arket pio aplì algìrijmo gia thn epÐlush tou
antÐstrofou probl matoc tou arijmhtikoÔ pedÐou, se sqèsh me touc dÔo proh-
goÔmenouc. O algìrijmoc autìc eÐnai grhgorìteroc kai dÐnei akrib  arijmhtik
apotelèsmata akìma kai se peript¸seic pou oi prohgoÔmenec dÔo mèjodoi apo-
tugqnoun. Mia tètoia perÐptwsh eÐnai ìtan to shmeÐo  brÐsketai polÔ kont
sto sÔnoro @F (A) kai sthn perÐptwsh pou  2 F (A) all kai ìtan  =2 F (A).
Epiplèon, diafèrei kai apì ton algìrijmo tou R. Carden all kai tou F. Uhlig
[10, 51] sta paraktw shmeÐa:
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(i) AntÐ gia eujÔgramma tm mata metaxÔ sunoriak¸n shmeÐwn tou F (A) pou
èqoun upologisteÐ me th mèdodo Johnson [28], qrhsimopoioÔme elleÐyeic pou
eÐnai eikìnec twn zAz, ìpou to dinusma z kineÐtai pnw se ènan mègisto
kÔklo sth monadiaÐa sfaÐra tou Cn. AutoÐ oi mègistoi kÔkloi sth monadiaÐa
sfaÐra apeikonÐzontai se elleÐyeic mèsw thc apeikìnishc x 7! xAx; ìpwc
èdeixe oDavis [13]. H qr sh elleÐyewn antÐ eujugrmmwn tmhmtwn me kra
dÔo upologisjènta shmeÐa tou sunìrou @F (A) mac bohjoÔn sto na proume
genn torec gia shmeÐa ekatèrwjen tou  pio eÔkola kai pio gr gora (blèpe
ton PÐnaka 3 paraktw).
(ii) Gia dÔo dedomèna shmeÐa 1; 2 2 F (A)\ Imfg R me Ref1g  Refg 
Ref2g kai gnwstoÔc kpoiouc genn torèc touc, upologÐzoume ènan gen-
n tora tou  efarmìzontac thn Prìtash 2.1.1 paraktw (blèpe [26, sel.
25]) antÐ na pragmatopoioÔme upobibasmì sthn 2  2 perÐptwsh ìpwc sto
[10].
(iii) Ac upojèsoume ìti stic dÔo arqikèc idioanalÔseic twn ermitian¸n pinkwn
H(A) kai  iK(A), oi tomèc twn paragìmenwn elleÐyewn me thn eujeÐa
Imfg R den mac dÐnoun èna zeÔgoc gennhtìrwn shmeÐwn tou arijmhtikoÔ
pedÐou dexi kai arister tou . Tìte epanalambnoume thn Ðdia diadikasÐa
gia ermitianoÔc pÐnakec thc morf c A() = cos()H(A) + sin() iK(A)
mèqri oi elleÐyeic twn meglwn kÔklwn pou ja prokÔptoun entìc tou F (A)
eÐte ikanopoioÔn to (ii) pio pnw kai mporoÔme na lÔsoume to antÐstrofo
prìblhma knontac qr sh thc Prìtashc 2.1.1   mèqri ènac apì touc pÐ-
nakec A() na gÐnei (jetik   arnhtik) orismènoc. Sthn perÐptwsh aut 
sumperaÐnoume ìti  =2 F (A) kai stamatme.
Prìtash 2.1.1. [26, selÐda 25] 'Estw A 2 Cnn ènac pÐnakac tou opoÐou
to arijmhtikì pedÐo F (A) den eÐnai monosÔnolo kai èstw a kai c dÔo shmeÐa tou
F (A) ston pragmatikì xona me a < 0 < c. 'Estw ìti xa; xc 2 Cn dÔo monadiaÐoi
genn torec twn xaAxa = a kai x

cAxc = c, antÐstoiqa.
(i) Gia x(t; ) = eixa + t xc 2 Cn, () = e ixaAxc + eixcAxa kai t;  2 R;
èqoume ìti x(t; )Ax(t; ) = c t2 + () t + a kai ( ') 2 R ìpou ' =
arg(xcAxa   xTaAxc).
(ii) Gia t1 =

 ( ') +p( ')2   4 a c =(2 c), èqoume ìti
x(t1; ') 6= 0 kai x(t1; ')

kx(t1; ')k2 A
x(t1; ')
kx(t1; ')k2 = 0:
Apìdeixh. UpologÐzoume ton migadikì arijmì x(t; )Ax(t; ),
x(t; )Ax(t; ) = (eixa + t xc)A(eixa + t xc)
(e ixa + t x

c)A(e
ixa + t xc) = x

aAxa + te
 ixaAxc + te
ixcAxa + t
2xcAxc
= ct2 + ()t+ a;
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ìpou () = e ixaAxc + e
ixcAxa. An x

cAxa  xTaAxc = rei' me r > 0; ' 2 R.
Epiplèon, èqoume
r = e i'xcAxa   e i'xTaAxc:
'Omwc, ( ') = ei'xaAxc + e i'xcAxa, en¸
r + ( ') = ei'xaAxc + e i'xcAxa + ei'xTc Axa   ei'xaAxc
= 2Refei'xTc Axag:
AfoÔ ìmwc r 2 R , èpetai ìti ( ') 2 R. ParathroÔme ìti gia
t1 =
 ( ') +p( ')2   4ac
2 c
;
isqÔei x(t1; )Ax(t1; ) = 0, kai x(t1; ') 6= 0, opìte to dinusma x(t1; ')kx(t1; ')k2
apoteleÐ monadiaÐo genn tora tou 0.
2.2 O Algìrijmoc
Gia ènan pÐnaka A 2 Cnn kai èna eswterikì shmeÐo  tou arijmhtikoÔ pedÐou
F (A), to prìblhma pou jèloume na epilÔsoume eÐnai h eÔresh enìc genn tora
x 2 Cn me xAx =  (= xInx). AntikajistoÔme to parapnw prìblhma me to
isodÔnamo prìblhma
x(A   In)x = 0:
Epomènwc, qwrÐc blbh thc genikìthtac, upojètoume ìti  = 0 kai anazhtme
monadiaÐo dinusma x0 tètoio ¸ste x0Ax0 = 0, dhlad  apl¸c antikajistoÔme ton
pÐnaka A me ton pÐnaka A   In , an  6= 0.
KÔrioc stìqoc mac eÐnai h eÔresh gennhtìrwn dÔo pragmatik¸n shmeÐwn tou
F (A) ekatèrwjen thc arq c twn axìnwn. Ta b mata pou akoloujoÔme eÐnai ta
ex c:
EÔresh arqik¸n sunoriak¸n shmeÐwn kai antÐstoiqwn gennhtìrwn. Kata-
skeuzoume tèssera shmeÐa tou sunìrou @F (A), pi kai touc gennhtorèc touc
xi 2 Cn (i = 1; 2; 3; 4), upologÐzontac tic megalÔterec kai tic mikrìterec idio-
timèc kai ta antÐstoiqa idiodianusmat xi twn pinkwn H(A) = (A + A)=2 kai
K(A) = (A   A)=(i 2). Jètontac pi = xiAxi; lambnoume ta tèssera shmeÐa
pi 2 @F (A) (i = 1; 2; 3; 4) pou oriojetoÔn katakìrufa kai orizìntia to arij-
mhtikì pedÐo F (A). Ta (sunoriak) shmeÐa tou F (A) me to megalÔtero kai to
mikrìtero pragmatikì mèroc ta sumbolÐzoume rM kai rm antÐstoiqa, en¸ ta (su-
noriak) shmeÐa tou F (A) me to megalÔtero kai to mikrìtero fantastikì mèroc ta
sumbolÐzoume iM kai im antÐstoiqa. An kpoio apì aut brÐsketai se apìstash
thc txhc 10 13 apì to 0, tìte lème ìti to antÐstoiqo monadiaÐo dinusma eÐnai o
genn torac pou anazhtme. An ìmwc kpoioc apì touc ermitianoÔc pÐnakec H(A)
kai K(A) eÐnai jetik   arnhtik orismènoc, tìte stamatme afoÔ ja èqoume ìti
 =2 F (A).
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EÔresh pragmatik¸n shmeÐwn kai antÐstoiqwn gennhtìrwn. GnwrÐzontac ta
arqik tèssera sunoriak shmeÐa pi kai touc antÐstoiqouc genn torec xi 2
Cn, (i = 1; 2; 3; 4), brÐskoume ta shmeÐa tom c me ton pragmatikì xona twn el-
leÐyewn pou orÐzoun oi mègistoi kÔkloi thc monadiaÐac sfaÐrac tou Cn oi opoÐoi
dièrqontai apì zeÔgh gennhtìrwn (xi; xj). Shmei¸netai ìti dÔo mh suneujeiak
dianÔsmata thc monadiaÐac sfaÐrac tou Cn orÐzoun pnta èna mègisto kÔklo thc
sfaÐrac, o opoÐoc mèsw thc apeikìnishc x 7! xAx dÐnei mia èlleiyh entìc tou
F (A) [13]. Epiplèon, epeid  endiaferìmaste gia shmeÐa tom c me ton pragmatikì
xona, epikentrwnìmaste stouc genn torec pou antistoiqoÔn se zeÔgh shmeÐwn
(pi; pj), me eterìshma fantastik mèrh. An kpoia apì aut ta shmeÐa tom c me
ton pragmatikì xona brÐskontai ekatèrwjen tou 0, tìte upologÐzoume mesa
ènan genn tora tou shmeÐou 0 2 F (A) qrhsimopoi¸ntac thn Prìtash 2.1.1. Me
ton trìpo autì oloklhr¸netai h epÐlush tou antistrìfou probl matoc. Sthn
antÐjeth perÐptwsh, kataskeuzoume epiplèon sunoriak shmeÐa tou F (A) me
th gnwst  mèjodo Johnson [28], epilègontac katllhlec gwnÐec strof c, ìpwc
analÔoume paraktw.
Ac jewr soume t¸ra (x; y) èna zeÔgoc apì gennhtìrec sunoriak¸n shmeÐwn
tou pedÐou F (A) pou èqoume  dh kataskeusei. Tìte h èlleiyh pou antistoiqeÐ
ston mègisto kÔklo pou orÐzoun ta monadiaÐa dianÔsmata x; y 2 Cn eÐnai
(t x+ (1  t) y)A (t x+ (1  t) y) = (xAx+ yAy   (xAy + yAx)) t2
+( 2 yAy + (xAy + yAx)) t+ yAy: (2.2.1)
Ousiastik prìkeitai gia mia migadik  poluwnumik  exÐswsh deutèrou bajmoÔ
thc opoÐac mac endiafèroun mìno oi lÔseic pou èqoun mhdenikì fantastikì mèroc
¸ste na mporèsoume na efarmìsoume thn Prìtash 2.1.1. Jètwntac 0 to fanta-
stikì mèroc thc (2.2.1), odhgoÔmaste sthn paraktw poluwnumik  exÐswsh me
pragmatikoÔc suntelestèc:
t2 + g t+
p
f
= 0 (2.2.2)
gia q = ImfxAxg, p = ImfyAyg kai r = ImfxAy+yAxg, ìpou f = p+q r
kai g = (r 2 p)=f . H exÐswsh (2.2.2) èqei dÔo pragmatikèc lÔseic ti, i = 1; 2; oi
opoÐec dÐnoun dÔo genn torec xi = ti x+(1  ti) y (i = 1; 2) gia dÔo shmeÐa ston
pragmatikì xona. Kanonikopoi¸ntac ta dianÔsmata xi èqoume touc genn torec
pou jèloume. ShmeÐa miac èlleiyhc mègistou kÔklou () kai kai oi tomèc thc me
ton pragmatikì xona (+) faÐnontai sto Sq ma 2.1 gia ènan sugkekrimèno pÐnaka
A pou ja perigryoume sth sunèqeia.
Epistrèfontac ston upologismì sunoriak¸n shmeÐwn kai antÐstoiqwn gennh-
tìrwn, ac upojèsoume ìti antÐjeta me to Sq ma 2.1, oi elleÐyeic pou kataskeu-
sthkan mèqri stigm c de dÐnoun shmeÐa tom c me ton pragmatikì xona ekatèrwjen
tou 0. Tìte eÐmaste upoqrewmènoi na epilÔsoume epiplèon idioprobl mata ermi-
tian¸n pinkwn thc morf c
A() = H(eiA) = cos()H(A) + sin() iK(A);
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Sq ma 2.1: To sÔnoro tou arijmhtikoÔ pedÐou ( ), me ta shmeÐa tou @F (A) me to
mikrìtero kai to megalÔtero pragmatikì mèroc na eÐnai ta rm () kai rM ()
antÐstoiqa kai ta shmeÐa tou F (A) me to mikrìtero kai to megalÔtero fantastikì
mèroc na eÐnai ta im () kai iM antÐstoiqa () . ShmeÐa thc eikìnac (èlleiyh)
() tou mègistou kÔklou pou pernei apo touc genn torec twn iM kai rm kai oi
tomèc thc me ton pragmatikì xona (+) (kai shmeÐa prohgoÔmenhc èlleiyhc). H
arq  twn axìnwn sumbolÐzetai me \o".
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gia katllhlec gwnÐec  6= 0; =2 (ìpwc ègine sthn arq  me touc pÐnakec H(A)
kai iK(A)). An gia pardeigma ìlec oi arqikèc elleÐyeic tèmnoun ton pragmatikì
xona apì ta dexi tou 0 kai Imfrmg < 0, tìte diqotomoÔme to deÔtero tetar-
thmìrio kai upologÐzoume th megalÔterh idiotim  kai to antÐstoiqo idiodinusma
xnew tou ermitianoÔ pÐnaka A(3=4) gia na broÔme èna shmeÐo sto sÔnoro @F (A)
pou brÐsketai metaxÔ twn iM kai rm. 'Etsi, proqwrme me diqotom seic mèqri
na katal xoume se èna jetik   arnhtik orismèno pÐnaka A() pou ja mac deÐxei
ìti  =2 F (A)   se mia èlleiyh pou tèmnei ton pragmatikì xona apì ta arister
tou 0 opìte ja mporoÔme na lÔsoume to antÐstrofo prìblhma qrhsimopoi¸ntac
thn Prìtash 2.1.1. O arijmìc twn epanal yewn thc mejìdou mèsw twn diqoto-
m sewn eÐnai genik mikrìc, sun jwc mikrìteroc tou 4 kai pijan¸c 10 me 20 ìtan
to 0 brÐsketai se apìstash mikrìterh   Ðsh tou 10 13 apì to sÔnoro @F (A).
Genik, to tm ma tou algorÐjmou me to megalÔtero upologistikì kìstoc eÐnai
h epÐlush twn idioproblhmtwn twn ermitian¸n pinkwn A(), me kìstoc O(n3). O
upìloipoc algìrijmoc apaiteÐ ton upologismì enìc pl jouc tetragwnik¸n mor-
f¸n xAy kai thn epÐlush deuterobajmÐwn exis¸sewn thc morf c (2.2.2) me
kìstoc O(n2).
2.3 Arijmhtik ParadeÐgmata kai
Axiolìghsh tou Algìrijmou
O 45 45 migadikìc pÐnakac tou opoÐou to arijmhtikì pedÐo faÐnetai sto Sq ma
2.1 kataskeuzetai apì ton migadikì pÐnaka B 2 C4545 sto [24, sel. 463].
O pÐnakac B eÐnai to jroisma tou pÐnaka Fiedler F = (ji   jj) kai tou pÐ-
naka Moler M = UTU , epÐ i , ìpou U nw trigwnikìc me ui;j =  1 gia
j > i; dhlad , B = F + iM . PaÐrnoume ton A tou Sq matoc 2.1 pro-
sjètontac ton pÐnaka me ìla ta stoiqeÐa tou Ðsa me 1 pollaplasiasmèno me
 3 + i 5 kai metakin¸ntac kat  =  200 + i 500;   se MATLAB sumbolismì,
A=B+(-3+5i)*ones(45)-(-200+500i)*eye(45). Ed¸ blèpoume kpoia sugkri-
tik apotelèsmata twn algorÐjmwn [10, 51] kai tou dikoÔ mac algìrijmou:
n = 45 qrìnoc ektèleshc idioanalÔseic sflma jxAx  0j
F. Uhlig [51] 0:1 wc 0:15 sec 3 10 10 to 9  10 11
R. Carden [10] 0:0071 sec 3 3:6  10 13
o algìrijmìc mac 0:0042 sec 2 2:3  10 13
PÐnakac 1
Prèpei na shmei¸soume ìti ta apotelèsmata sth pr¸th gramm  (tou Uhlig [51])
basÐzontai sthn epilog  tuqaÐwn paragìmenwn dianusmtwn tou Cn kai epomènwc
ta apotelèsmata aut ja poikÐloun anloga me thn epilog  twn dianusmtwn.
Gia ton Ðdiac morf c 500  500 pÐnaka B, jewroÔme ton pÐnaka A pou eÐnai
A=B+(-3+i 5)*ones(500)-(-200 +i 500)* eye(500) kai ton sumbolÐzoume me
A500;500. Ta apotelèsmata ed¸ èqoun wc ex c:
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Sq ma 2.2: To sÔnoro tou arijmhtikoÔ pedÐou ( ), me ta shmeÐa me to mikrìtero
kai to megalÔtero pragmatikì mèroc tou @F (A    I10) , rm () kai rM antÐ-
stoiqa () kai ta shmeÐa me to megalÔtero kai to mikrìtero fantastikì mèroc
iM () kai im antÐstoiqa (). ShmeÐa tou arijmhtikoÔ pedÐou ston pragmati-
kì xona (+), kpoia sta arister kai èna sta dexi tou 0, kaj¸c epÐshc kai
sunoriak shmeÐa tou @F (A) (3) pou proèkuyan apì 4 b mata diqotìmhshc.
n = 500 qrìnoc ektèleshc idioanalÔseic sflma jxAx  0j
F. Uhlig [51] 2:3 wc 4:8 sec 0 wc 1 5  10 10 wc 4  10 12
Carden [10] 0:75 sec 2 3:7  10 11
o algìrijmìc mac 0:24 sec 4 6  10 13
PÐnakac 2
SugkrÐnontac ta apotelèsmata twn Pinkwn 1 kai 2, gÐnetai faner  h \kal "
sumperifor tou proteinìmenou algorÐjmou sthn aÔxhsh twn diastsewn tou
probl matoc.
To epìmeno pardeigm mac afor ènan 1010 pÐnaka A pou pargetai apì thn
entol  A= randn(10)+(3+3i)*ones(10) tou MATLAB. To arijmhtikì pedÐo
tou A eÐnai autì pou faÐnetai sto Sq ma 2.2 kai èqoume metafèrei to sÔsthma
kat  = 22:5 + i 20.
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Gia thn epÐlush tou probl matoc sto  = 22:5+ i 20; h mèjodoc mac brÐskei
èna genn tora tou  met apì 4 diqotom seic, afoÔ sÔmfwna me to Sq ma 2.2
tìte emfanÐzontai gnwstoÐ genn torec shmeÐwn ston pragmatikì xona ekatèrw-
jen tou 0 kai mporoÔme epomènwc na qrhsimopoi soume thn Prìtash 2.1.1. An
metakin soume to  pio kont sto sÔnoro tou F (A) auxnontac to pragmatikì
tou mèroc Refg, tìte ta apotelèsmata èqoun wc ex c:
 Crawford R. Carden [10] O algìrijmìc mac
sec idioan. sflma sec idioan. sflma
22:83543 + i 20  5  10 8 0:09 12 8  10 13 0:045 14 10 15
22:835430065 + i 20  3  10 10 0:11 17 5  10 12 0:045 14 3:6  10 15
22:8354300651 + i 20  2:4  10 10 0:21 35 3  10 12 0:047 14 10 15
22:835430065417 + i 20  7  10 13 * * * 0:049 16 10 15
22:835430065418 + i 20 4  10 13 * * *  ektìc touF (A)
PÐnakac 3
O arijmìc Crawford dhl¸nei th mikrìterh apìstash tou  apì to sÔnoro
tou arijmhtikoÔ pedÐou tou pÐnaka A    I10. Na shmei¸soume ìti sth biblio-
grafÐa o arijmìc Crawford sunanttai kai wc eswterik  arijmhtik  aktÐna tou
arijmhtikoÔ pedÐou. Ed¸ upologÐsthke mèsw miac mejìdou tou F. Uhlig [52, 53].
'Oso o arijmìc Crawford enìc shmeÐou tou arijmhtikoÔ pedÐou  2 C eÐnai arnh-
tikìc, to shmeÐo autì brÐsketai mèsa sto arijmhtikì pedÐo. H trÐth st lh ston
PÐnaka 3 parousizei to kalÔtero dunatì apotèlesma pou ja mporoÔsame na è-
qoume knontac qr sh thc mejìdou tou [10]. An to  to knoume gia pardeigma
22:8354300652 + i 20 , h mèjodoc aut  apotugqnei, en¸ h dik  mac douleÔei me
akrÐbeia 15 yhfÐwn. ParathroÔme epÐshc ìti an kai to 0 plhsizei to @F (A) se
kje gramm  tou PÐnaka 3, apì apìstash txhc 10 8 se apìstash txhc 10 13,
o arijmìc twn idioanalÔsewn pou qreizetai o algìrijmìc mac den auxnei sh-
mantik. H 5h gramm  tou PÐnaka 3 deÐqnei ìti o algìrijmìc mac apofaÐnetai ìti
to  = 22:835430065418 + i 20 brÐsketai ektìc tou arijmhtikoÔ pedÐou tou A
me apìstash thc txhc 4  10 13 apì to sunorì tou. Kai gia autì qreisthkan
epÐshc 16 idioanalÔseic.
To teleutaÐo mac pardeigma proèrqetai apì to [51, Pardeigma 7] kai ana-
fèretai ston 188 188 pÐnaka Jordan J thc idiotim c 1+ i 3 (me ìla ta stoiqeÐa
thc uperdiagwnÐou Ðsa me 1). Sto pardeigma autì kai h mèjodoc tou Carden [10]
kai h dik  mac apaitoÔn thn epÐlush 3 idioproblhmtwn. O algìrijmìc brÐskei
èna genn tora gia to shmeÐo  = 1:707+i 3:707 tou arijmhtikoÔ pedÐou F (A) se
apìstash 10 5 apì to @F (A) se 0:17 deuterìlepta kai me akrÐbeia txhc 10 17,
en¸ h mèjodoc tou R. Carden [10] knei 0:2 deuterìlepta me akrÐbeia 9  10 16 .
Oloklhr¸nontac to keflaio, shmei¸noume ìti kataskeusame kai axiolo-
g same ènan aplì gewmetrikì algìrijmo gia thn eÔresh enìc monadiaÐou dianÔ-
smatoc pou pargei èna dedomèno shmeÐo sto eswterikì tou arijmhtikoÔ pedÐou
enìc tetragwnikoÔ pÐnaka. EpÐshc, ton sugkrÐname me touc dÔo proôprqontec
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algorÐjmouc gia to Ðdio prìblhma kai epibebai¸same ìti o h proteinìmenh mejo-
dologÐa eÐnai kalÔter  touc tìso se taqÔthta ìso kai se akrÐbeia. O algìrijmoc
autìc basÐsthke stic gewmetrikèc idiìthtec tou arijmhtikoÔ pedÐou kai to upolo-
gistikì kìstoc tou, pou eÐnai txhc O(n3), proèrqetai apì thn anagkaÐa epÐlush
idioproblhmtwn ermitian¸n pinkwn.
Tèloc, ja mporoÔse kpoioc na anarwthjeÐ, giatÐ san enallaktik  lÔsh na
mhn anazht soume kpoia fantastik shmeÐa, ektìc apo pragmatik shmeÐa, eka-
tèrwjen tou 0 kai touc antÐstoiqouc gennhtorèc touc. Oi dokimèc èdeixan ìti sth
sugkekrimènh parallag  thc mejìdou, me ton trìpo autì auxnetai elqista h
taqÔthta, opìte den uprqei nìhma sto na gÐnei eidik  anafor.
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Keflaio 3
SÔnola Birkho{James
 Orjogwniìthtac
3.1 ProapaitoÔmenec 'Ennoiec
'Opwc eÐdame sto pr¸to keflaio kai sugkekrimèna sthn Pargrafo 1:3, se èna
grammikì q¸ro me nìrma (X; k  k) orÐzoume mia sqèsh orjogwniìthtac h opoÐa
basÐzetai apokleistik sth nìrma k  k tou q¸rou. Aut  eÐnai h Birkho{James
orjogwniìthta, ìpou gia dÔo stoiqeÐa x; y 2 X lème ìti to x eÐnai Birkho{
James orjog¸nio sto y kai to sumbolÐzoume me x ?BJ y, an kai mìno an isqÔei
kx+ yk  kxk gia kje  2 C.
Epiplèon, èqoume kai ton akìloujo orismì proseggistik c orjogwniìthtac
[12, 14].
Orismìc 3.1.1. 'Estw (X; k  k) ènac q¸roc me nìrma kai èstw x; y 2 X. Gia
kpoio  2 [0; 1) ja lème ìti to x eÐnai Birkho{James  orjog¸nio sto y kai to
sumbolÐzoume me x?BJy, an kai mìno an kx+yk 
p
1  2 kxk gia kje  2 C.
Sto sugkekrimèno orismì blèpoume ìti ìso to  2 [0; 1) plhsizei th mo-
nda, tìso to sÔnolo twn y pou ikanopoioÔn th sqèsh x?BJy, megal¸nei kai
an epitrèyoume thn tim   = 1, to sÔnolo autì tautÐzetai me olìklhro ton
q¸ro. Kai h Birkho{James  orjogwniìthta eÐnai omogen c. Prèpei na sh-
mei¸soume ìti se perÐptwsh pou o q¸roc X eÐnai efodiasmènoc me eswterikì
ginìmeno h; i, tìte èqoume thn klasik  orjogwniìthta tou eswterikoÔ ginomè-
nou, x ? y , hx; yi = 0 kai thn  (proseggistik ) orjogwniìthta pou dÐnei
to eswterikì ginìmeno, x?y , jhx; yij  kxkkyk. Ti sqèsh uprqei ìmwc se
èna q¸ro me eswterikì ginìmeno, metaxÔ thc Birkho{James orjogwniìthtac,
thc Birkho{James  orjogwniìthtac kai tic antÐstoiqec orjogwniìthtec pou
orÐzontai apì to eswterikì ginìmeno; Thn apnthsh se autì dÐnei to paraktw
l mma tou S.S. Dragomir [14].
L mma 3.1.1. 'Estw (X; h; i) ènac q¸roc eswterikoÔ ginomènou. Tìte h
Birkho{James orjogwniìthta (antÐstoiqa, h Birkho{James  orjogwniìthta)
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tautÐzetai me thn orjogwniìthta (antÐstoiqa,  orjogwniìthta) tou eswterikoÔ
ginomènou, dedomènou ìti h nìrma pou qrhsimopoieÐtai ston orismì twn pr¸twn
epgetai apì to eswterikì ginìmeno tou q¸rou.
'Opwc eÐnai gnwstì, h sqèsh orjogwniìthtac pou orÐzei èna eswterikì gi-
nìmeno eÐnai summetrik  (x ? y , y ? x) kai prosjetik  (x1 ? y, x2 ? y
) (x1 + x2) ? y). 'Ara kai h Birkho{James orjogwniìthta eÐnai summetrik 
kai prosjetik  ìtan h nìrma pou thn orÐzei epgetai apì eswterikì ginìmeno.
Sugkekrimèna isqÔei h epìmenh prìtash [27].
Prìtash 3.1.2. H Birkho{James orjogwniìthta eÐnai summetrik  an kai
mìno an h nìrma tou q¸rou epgetai apì eswterikì ginìmeno.
3.2 'Ena Arijmhtikì PedÐo gia 'Oqi
Upoqrewtik TetragwnikoÔc PÐnakec
EÐdame apì to pr¸to keflaio (Pìrisma 1.3.5) ìti to arijmhtikì pedÐo enìc te-
tragwnikoÔ pÐnaka A 2 Cnn grfetai sth morf 
F (A) = f 2 C : kA  Ink2  j  j; 8 2 Cg;
ìpou k  k2 eÐnai h fasmatik  nìrma pÐnaka kai In o monadiaÐoc n  n pÐnakac.
GenikeÔoume ton orismì tou arijmhtikoÔ pedÐou stouc ìqi upoqrewtik tetragw-
nikoÔc pÐnakec, qrhsimopoi¸ntac ston parapnw orismì ìqi kat' angkh thn k k2
all opoiad pote nìrma pÐnaka k  k.
Orismìc 3.2.1. 'Estw A;B 2 Cnm kai k  k mia nìrma pÐnaka. OrÐzoume to
arijmhtikì pedÐo tou pÐnaka A wc proc ton pÐnaka B na eÐnai to sÔnolo
Fkk(A;B) = f 2 C : kA  Bk  j  j; 8 2 Cg
=
\
2C
D(; kA  Bk):
Apì ton orismì blèpoume ìti to arijmhtikì pedÐo tou A wc proc ton B prokÔ-
ptei wc (uperarijm simh) tom  kleist¸n kuklik¸n dÐskwn. Epomènwc, to sÔnolo
autì eÐnai kurtì kai sumpagèc uposÔnolo tou migadikoÔ epipèdou, idiìthtec pou
isqÔoun kai sto klasikì arijmhtikì pedÐo twn tetragwnik¸n pinkwn. Prèpei na
shmei¸soume ìti gia kje nìrma pou qrhsimopoioÔme ston orismì, lambnoume
kai llo arijmhtikì pedÐo. An ston orismì jèsoume  = 0, tìte èqoume ìti gia
kje  2 Fkk(A;B), isqÔei jj  kAk.
To pedÐo Fkk(A;B) sqetÐzetai me thn Birkho{James orjogwniìthta, ìpwc
deÐqnei kai to paraktw je¸rhma.
Je¸rhma 3.2.1. Gia kje A;B 2 Cnm, me kBk = 1, isqÔei ìti
Fkk(A;B) = f 2 C : B ?BJ (A  B)g:
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Apìdeixh. Ex' orismoÔ gnwrÐzoume ìti B ?BJ A an kai mìno an
kB   Ak  kBk = 1; 8 2 C
  isodÔnama, an kai mìno an
kA   1Bk  jj 1; 8 2 C n f0g
  isodÔnama, an kai mìno an
0 2 Fkk(A;B):
Epiplèon, èqoume ìti
Fkk(A;B) = f 2 C : kA  Bk  j  j; 8 2 Cg
= f 2 C : B ?BJ (A  B)g;
pou oloklhr¸nei thn apìdeixh.
Apì to L mma 1.3.1 kai apì to prohgoÔmeno je¸rhma prokÔptei ìti gia kBk =
1 to qwrÐo Fkk(A;B) eÐnai mh kenì. Ti sumbaÐnei genik ìmwc gia diforec timèc
thc posìthtac kBk;
Je¸rhma 3.2.2. Fkk(A;B) 6= ; an kai mìno an kBk  1.
Apìdeixh. 'Estw kBk =  < 1 kai  2 Fkk(A;B). Tìte jj  kAk kai gia kje
 2 C èqoume ìti jjj   jjj  j   j  jj + jj kai kA   Bk  kAk + jj.
Epomènwc, gia  2 C tètoio ¸ste jj > jj, èpetai ìti
jj   jj  j  j  kA  Bk  kAk+ jjkBk;
 
(1  )jj  2kAk:
Sunep¸c, gia jj > 2kAk
1  , h prohgoÔmenh anisìthta den isqÔei. Dhlad , me thn
upìjesh ìti kBk < 1 èqoume ìti Fkk(A;B) = ;.
AntÐstrofa, an antikatast soume ton pÐnaka B me bB gia kpoio mh mhdenikì
b 2 C, tìte
Fkk(A; bB) = f 2 C : kA  (bB)k  j  j; 8 2 Cg
=

 2 C : kA  (b)Bk  jbj 1 jb  bj; 8 2 C	
=

 2 C : kA  Bk  jbj 1jb  j; 8 2 C	 :
'Etsi èqoume tic akìloujec treÐc peript¸seic:
(a) An jbj = 1, tìte
Fkk(A; bB) =

b 1 2 C : kA  Bk  j  j; 8 2 C	 = b 1Fkk(A;B):
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(b) An jbj < 1, tìte
Fkk(A; bB) 

b 1 2 C : kA  Bk  j  j; 8 2 C	 = b 1Fkk(A;B):
(g) An jbj > 1, tìte
Fkk(A; bB) 

b 1 2 C : kA  Bk  j  j; 8 2 C	 = b 1Fkk(A;B):
Apì to (b) kai to gegonìc ìti h Birkho{James orjogwniìthta eÐnai omogen c,
èqoume ìti gia A;B 2 Cnm me kBk > 1 isqÔei
f 2 C : B ?BJ (A  B)g = kBk 1Fkk(A; kBk 1B)  Fkk(A;B):
'Omwc apì to L mma 1.3.1 prokÔptei ìti Fkk(A;B) 6= ;:
3.3 Anagkaiìthta tou B
'Ena er¸thma pou ja mporoÔse na prokÔyei afor sthn parousÐa tou pÐnaka
B. GiatÐ dhlad  qrhsimopoioÔme èna genikì pÐnaka B kai ìqi, parakinoÔmenoi
apì to klasikì arijmhtikì pedÐo twn tetragwnik¸n pinkwn, mia \epèktash" tou
monadiaÐou pÐnaka, gia pardeigma thc morf c
In;m =
8>><>>:
In; n = m
[ In 0 ] ; n < m
Im
0

; n > m
;
H apnthsh sto er¸thma autì dÐnetai sthn melèth pou akoloujeÐ. JewroÔme
ènan pÐnaka A 2 Cnm kai qwrÐc blbh thc genikìthtac upojètoume ìti n > m.
JewroÔme th block morf  tou A =

A1
A2

, ìpou A1 2 Cmm kai A2 2 C(n m)m
kai ton pÐnaka In;m =

Im
0

. Tìte
Fkk2(A; In;m) =

 2 C :
 A1A2

  

Im
0

2
 j  j; 8 2 C

=

 2 C :
 A1 0A2 0

  

Im 0
0 0

2
 j  j; 8 2 C

;
ìpou oi pÐnakec

A1 0
A2 0

kai

Im 0
0 0

eÐnai tetragwnikoÐ n  n. Epiplèon,
blèpoume ìti gia kje  2 C, M1 2 Cm(n m) kai M2 2 C(n m)(n m), isqÔei A1 0A2 0

  

Im 0
0 0

2

 A1 M1A2 M2

  

Im 0
0 In m

2
:
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'Etsi, an jèsoume M =

M1
M2

, tìte èqoume
Fkk2(A; In;m) 
\
M2Cn(n m)
f 2 C : k[A M ]  Ink2  j  j; 8 2 Cg
=
\
M2Cn(n m)
F ([A M ]) :
'Omwc h teleutaÐa tom  isoÔtai me to arijmhtikì pedÐo F (A1), ìpwc deÐqnei kai
paraktw prìtash.
Prìtash 3.3.1. Gia kje nm (n > m) pÐnaka A =

A1
A2

me A1 2 Cmm
kai A2 2 C(n m)m, isqÔei ìti
F (A1) =
\
M2Cn(n m)
F ([A M ]) :
Apìdeixh. Gia kje M =

M1
M2

2 Cn(n m), F (A1)  F ([A M ]) kai epomè-
nwc,
F (A1) 
\
M2Cn(n m)
F ([A M ]) :
Lìgw thc kurtìthtac tou arijmhtikoÔ pedÐou enìc tetragwnikoÔ pÐnaka, arkeÐ na
apodeÐxoume ìti gia kje  2 [0; 2], uprqei ènac n n pÐnakac
[A M ] =

A1 M1
A2 M2

tètoioc ¸ste ta arijmhtik pedÐa
F
 
eiA1

= eiF (A1) kai F
 
ei [A M ]

= eiF ([A M ])
na èqoun akrib¸c thn Ðdia probol  ston pragmatikì xona (blèpe Pargrafo
1.4).
Gia kje gwnÐa  2 [0; 2], jewroÔme ton n n pÐnaka
[A M ] =

A1 e
i( 2)A2
A2 In m

gia kpoio  2 F (A1). Gia ton sugkekrimèno pÐnaka, èqoume
1
2
 
ei [A M ] + e
 i [A M ]
 = 1
2

eiA1 + e
 iA1 e
i( )A2 + e
 iA2
eiA2 + e
 i( )A2 eiIn m + e iIn m

=
"
eiA1+e iA1
2
0
0 RefeigIn m
#
;
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ìpou
Refeig 2 RefF  eiA1g = F eiA1 + e iA1
2

:
Epomènwc, ta arijmhtik pedÐa
F
 
eiA1

kai F

ei

A1 e
i( 2)A2
A2 In m

èqoun akrib¸c thn Ðdia probol  ston pragmatikì xona.
Apì thn prohgoÔmenh prìtash èpetai mesa to akìloujo pìrisma.
Pìrisma 3.3.2. 'Estw A =

A1
A2

me A1 2 Cmm kai A2 2 C(n m)m. An
 2 F (A1), tìte
F (A1) =
\
2[0;2]
F

A1 e
iA2
A2 In m

:
Gia na epalhjeÔsoume to teleutaÐo pìrisma jewroÔme ton pÐnaka
A =

A1
A2

=
2664
1 0 0
2  3 0
i 9 4
 14 13  5
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Sq ma 3.1: Ta pedÐa F (A1) (arister) kai F (Ck) gia k = 0; 1; : : : ; 7 (dexi).
To arijmhtikì pedÐo tou 3 3 upopÐnaka
A1 =
24 1 0 02  3 0
i 9 4
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faÐnetai sto aristerì mèroc tou Sq matoc 3.1 ìpou me (+) shmei¸nontai oi idio-
timèc tou, en¸ sto dexÐ faÐnontai ta arijmhtik pedÐa twn pinkwn
Ck =

A1 e
i k
4 A2
A2 0

;
pou eÐnai sqediasmèna gia k = 0; 1; : : : ; 7.
Tèloc, h parapnw suz thsh mac epitrèpei na diatup¸soume kai na apodeÐ-
xoume to paraktw je¸rhma, pou apoteleÐ sthn ousÐa kai thn apnthsh sto
er¸thma giatÐ sto arijmhtikì pedÐo twn ìqi upoqrewtik tetragwnik¸n pinkwn
qrhsimopoioÔme èna genikì pÐnaka B.
Je¸rhma 3.3.3. Gia kje nm (n > m) pÐnaka A =

A1
A2

me A1 2 Cmm
kai A2 2 C(n m)m, isqÔei ìti Fkk2(A; In;m) = F (A1).
Apìdeixh. GnwrÐzoume  dh ìti
Fkk2(A; In;m) 
\
M2Cn(n m)
F ([A M ]) = F (A1):
ArkeÐ loipìn na deÐxoume ton antÐstrofo egkleismì. 'Estw 0 2 F (A1). AfoÔ
Fkk2(A   0In;m; In;m) = Fkk2(A; In;m)   0 kai F (A1   0Im) = F (A1)   0;
qwrÐc blbh thc genikìthtac, mporoÔme na upojèsoume ìti 0 = 0. 'Etsi èqoume
0 2 F (A1) = Fkk2(A1; Im);
  isodÔnama,
kIm   A1k2  1; 8 2 C:
AfoÔ ìmwc kIn;m   Ak2  kIm   A1k2 ; èpetai ìti
kIn;m   Ak2  1; 8 2 C;
  A   1In;m2  jj 1; 8 2 Cnf0g;
 
kA  In;mk2  jj; 8 2 C:
Sunep¸c, 0 2 Fkk2(A; In;m) kai ètsi oloklhr¸netai h apìdeixh.
Blèpoume loipìn, ìti an qrhsimopoi soume ènan pÐnaka thc morf c In;m kai
upologÐsoume to Fkk2(A; In;m), tìte autì isoÔtai me to klasikì arijmhtikì pedÐo
tou kÔriou upopÐnaka A1 tou A to opoÐo apoteleÐ gnwst  kai tetrimmènh perÐ-
ptwsh pou den parousizei endiafèron. 'Etsi apofasÐzoume na qrhsimopoioÔme
ènan genikì nm pÐnaka B antÐ gia ton In;m.
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3.4 SÔnola Birkho{James
 Orjogwniìthtac.
Sthn pargrafo aut  ja orÐsoume èna pedÐo, me thn bo jeia thc Birkho{James
 orjogwniìthtac to opoÐo genikeÔei to Fkk(A;B). EÐdame ìti sthn perÐptwsh
pou kBk = 1, to arijmhtikì pedÐo tou A wc proc ton B apoteleÐtai apì ekeÐna
akrib¸c ta  2 C gia ta opoÐa o B eÐnai Birkho{James orjog¸nioc ston A B.
Ti sumbaÐnei ìmwc gia kBk > 1; ParathroÔme ìti gia  = B =
p
kBk2 1
kBk , èqoume
Fkk(A;B) = f 2 C : kA  (  )Bk  jj; 8 2 Cg
=

 2 C :
1(A  B) +B
  1; 8 2 Cnf0g
=

 2 C : k(A  B) +Bk 
q
1  2B kBk; 8 2 C

= f 2 C : B ?BBJ (A  B)g :
Dhlad , to arijmhtikì pedÐo Fkk(A;B) eÐnai sthn ousÐa èna sÔnolo Birkho{
James  orjogwniìthtac gia touc pÐnakec A kai B, me  = B, gia kBk > 1.
Shmei¸noume ìti ìtan kBk = 1, tìte B = 0 kai ta parapnw epalhjeÔontai
apì to Je¸rhma 3.2.1. Apì tic parathr seic autèc katal goume ston epìmeno
orismì.
Orismìc 3.4.1. 'Estw A;B 2 Cnm me B 6= 0, k  k mia nìrma pÐnaka kai
 2 [0; 1). To sÔnolo Birkho{James  orjogwniìthtac tou pÐnaka A wc proc
ton pÐnaka B orÐzetai na eÐnai to qwrÐo
F kk(A;B) = f 2 C : B ?BJ (A  B)g
=
n
 2 C : kA  Bk 
p
1  2 kBk j  j; 8 2 C
o
=
\
2C
D

;
kA  Bkp
1  2 kBk

:
Apì ton orismì parathroÔme ìti to sÔnolo Birkho{James  orjogwniìthtac
F kk(A;B) eÐnai sumpagèc kai kurtì uposÔnolo tou migadikoÔ epipèdou, afoÔ
grfetai wc peirh tom  kleist¸n kuklik¸n dÐskwn thc morf c D

; kA Bkp
1 2 kBk

,
 2 C. EpÐshc prèpei na shmei¸soume ìti perièqetai pnta ston kleistì dÐsko
D

0; kAkp
1 2 kBk

. Apì to L mma 1.3.1 faÐnetai ìti to F kk(A;B) eÐnai pnta mh
kenì, gia kje epilog  twn pinkwn A;B 2 Cnm. Epiplèon, o Orismìc 3.4.1
eÐnai efarmìsimoc sta stoiqeÐa opoioud pote grammikoÔ q¸rou me nìrma.
Prèpei akìmh na shmei¸soume ìti ta shmeÐa  2 C pou an koun sto qwrÐo
F kk(A;B) èqoun mia axioshmeÐwth gewmetrik  ermhneÐa. Sugkekrimèna, èqoume
 2 F kk(A;B) , kB + (A  B)k 
p
1  2 kBk; 8 2 C;
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  isodÔnama,  2 F kk(A;B) an kai mìno an o monodistatoc (migadikìc) afinikìc
q¸roc fB + (A  B) :  2 Cg den tèmnei thn anoiqt  mpla
Int[B(0;
p
1  2 kBk)] = fM 2 Cnm : kMk <
p
1  2 kBkg;
ìpwc faÐnetai kai sto paraktw sq ma.
o    B
Sq ma 3.2: DÔo afinikoÐ q¸roi pou perièqoun ton pÐnaka B kai den tèmnoun thn
anoiqt  mpla Int[B(0;p1  2 kBk)].
'Ena sÔnolo pou genikeÔei to klasikì arijmhtikì pedÐo tetragwnikoÔ pÐnaka,
ìpwc eÐdame kai sto pr¸to keflaio eÐnai to q arijmhtikì pedÐo gia q 2 [0; 1],
pou gia ènan pÐnaka A 2 Cnn eÐnai to sÔnolo
F (A; q) = fyAx 2 C : x; y 2 Cn; xx = yy = 1; yx = qg :
Profan¸c, isqÔei ìti F (A; 1) = F (A).
Oi Aik. Aretkh kai I. Maroulc [2] ìrisan mia genÐkeush tou q arijmhtikoÔ
pedÐou gia ìqi upoqrewtik tetragwnikoÔc pÐnakec, parìmoia me ton orismì tou
Fkk(A;B). Sugkekrimèna, gia A;B 2 Cnm me B 6= 0, q 2 [0; 1] kai mia nìrma
pÐnaka k  k, ìrisan to q arijmhtikì pedÐo tou A wc proc ton B na eÐnai to kurtì
kai sumpagèc sÔnolo
Fkk(A;B; q) = f 2 C : kA  Bk  j  qj; 8 2 Cg (3.4.1)
=
\
2C
D (q; kA  Bk) :
Epiplèon, èdeixan ìti
1
q2
Fkk(A;B; q2)  1
q1
Fkk(A;B; q1) ; 0 < q1 < q2  1 (3.4.2)
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kai ìti
Fkk(A;B; q) = Fkk(A; q 1B); 0 < q  1: (3.4.3)
Apì thn teleutaÐa sqèsh kai to Je¸rhma 3.2.2 èpetai ìti to Fkk(A;B; q) eÐnai
mh kenì an kai mìno an kBk  q (0 < q  1).
Sth sunèqeia, ja sunantme suqn thn upìjesh ìti o pÐnakac A den eÐnai
(bajmwtì) pollaplsio tou B, ìpou ja jewroÔme ìti kai o mhdenikìc pÐnakac
eÐnai pollaplsio tou B.
Prìtash 3.4.1. 'Estw A;B 2 Cnm me B 6= 0 kai 0  1 < 2 < 1. An o
pÐnakac A den eÐnai pollaplsio tou B, tìte F 1kk(A;B)  F 2kk(A;B) kai epiplèon
to sÔnolo F 1kk(A;B) brÐsketai sto eswterikì tou F
2
kk(A;B).
Apìdeixh. Gia kje  2 F 1kk(A;B), èqoume ìti
kA  B + (  )Bk 
q
1  21 kBk j  j; 8 2 C;
 
kB + A  Bk 
q
1  21 kBk jj >
q
1  22 kBk jj; 8 2 C:
AfoÔ ìmwc o A den eÐnai pollaplsio tou B, uprqei  > 0 tètoio ¸ste
  min

min
jj1

kB + A  Bk  
q
1  22 kBk jj

;
q
1  21  
q
1  22

kBk

;
 
  inf
2C

kB + A  Bk  
q
1  22 kBk jj

:
Sunep¸c, gia kje  2 D(0; =kBk),
kB + A  (+ )Bk  kB + A  Bk kBk 
q
1  22 kBk jj; 8 2 C:
Epomènwc, to qwrÐo F 1kk(A;B) brÐsketai sto eswterikì tou F
2
kk(A;B).
Apì thn parapnw prìtash, mesa èpetai to epìmeno pìrisma.
Pìrisma 3.4.2. 'Estw A;B 2 Cnm ìpou B 6= 0 kai o pÐnakac A den eÐnai
pollaplsio tou B. Tìte gia kje  2 (0; 1), to F kk(A;B) èqei mh kenì eswterikì
kai den gÐnetai na eÐnai eujÔgrammo tm ma   monosÔnolo.
Wc pardeigma jewroÔme touc 3 4 migadikoÔc pÐnakec
A =
24 4 + i 5 0 i 00  3 2 0
0 0 0  i 2
35 kai B =
24 1 0 0 00 p2 0 0
0 0  i 0
35
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Part  (a)
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Part  (b)
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Part  (c)
Sq ma 3.3: Ta sÔnola F 0:5kk2(A;B) (pnw arister), F
p
0:5
kk2 (A;B) (pnw dexi)
kai F
p
0:6
kk2 (A;B) (ktw).
me kBk2 =
p
2. Ta sÔnola  orjogwniìthtac F 0:5kk2(A;B), F
p
0:5
kk2 (A;B) kai
F
p
0:6
kk2 (A;B) faÐnontai wc leukèc perioqèc sta trÐa mèrh tou Sq matoc 3.3 kai
epibebai¸noun thn Prìtash 3.4.1 kat profan  trìpo. Shmei¸noume epÐshc ìtip
0:5 =
pkBk22   1 = kBk2 kai p0:6 = qkBk22  p0:8 2 = kBk2. Epomènwc, a-
pì to Je¸rhma 3.4.4 èpetai ìti F
p
0:5
kk2 (A;B) = Fkk2(A;B) kaj¸c epÐshc kai ìti
F
p
0:6
kk2 (A;B) = Fkk2(
p
0:8  1A;B;
p
0:8) = Fkk2(
p
0:8  1A;
p
0:8  1B).
Apì ton orismì èqoume dei ìti to  2 [0; 1) den mporeÐ na prei thn tim 
 = 1. An ìmwc gia qrh thc plhrìthtac, ston Orismo 3.4.1 jèsoume  = 1, tìte
prokÔptei ìti F 1kk(A;B) = C. FaÐnetai loipìn ìti to F kk(A;B) mporeÐ na gÐnei
ìso meglo jèloume kaj¸c  ! 1, to opoÐo epalhjeÔetai kai apì thn prìtash
pou akoloujeÐ.
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Prìtash 3.4.3. 'Estw A;B 2 Cnm ìpou B 6= 0 kai o pÐnakac A den eÐnai
pollaplsio tou B. Tìte gia kje fragmèno qwrÐo 
  C, uprqei èna 
 2 [0; 1)
tètoio ¸ste 
  F 
kk(A;B).
Apìdeixh. QwrÐc blbh thc genikìthtac, upojètoume ìti to 
 eÐnai sumpagèc,
diìti kai an den eÐnai, mporoÔme na jewr soume thn kleist  tou j kh. 'Estw
t¸ra èna  2 
 tètoio ¸ste  =2 F kk(A;B) gia kje  2 [0; 1). Tìte gia kje
k =
q
1  1
k2
; k = 2; 3; : : : , uprqei èna k 2 C ¸ste
kA  (  k)Bk <
vuut1  r1  1
k2
!2
kBk jkj;
 
kkB + A  Bk < 1
k
kBk jkj; (3.4.4)
 
j kkBk   kA  Bk j < 1
k
kBk jkj:
An jkj kBk < kA  Bk, tìte jkj < kA  Bk = kBk. An ìqi, tìte
jkj kBk

1  1
k

< kA  Bk  kAk+ jj kBk;
 
jkj < kAk+ jj kBkkBk  1  1
k
  2 kAk+ jj kBkkBk :
Blèpoume loipìn ìti h akoloujÐa fkgk2N eÐnai pnta fragmènh, epomènwc upr-
qei sugklÐnousa upakoloujÐa thc. Upojètoume ìti aut  h upakoloujÐa eÐnai h
fktgkt2N kai èstw kt ! 0. Tìte apì thn anisìthta (3.4.4) èqoume ìti
kktB + A  Bk <
1
kt
kBk jkt j; 8 t 2 N;
 
lim
t
kktB + A  Bk = 0;
 
k0B + A  Bk = 0;
topo afoÔ o A den eÐnai pollaplsio tou B. Epomènwc, uprqei èna  tètoio
¸ste  2 F kk(A;B) kai qwrÐc blbh thc genikìthtac mporoÔme na jewr soume
ìti  2 Int[F kk(A;B)] apl epilègontac èna megalÔtero . 'Etsi èqoume ìti 
 S
2

Int[F

kk(A;B)]. 'Omwc to 
 eÐnai sumpagèc kai to sÔnolo
S
2

Int[F

kk(A;B)]
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eÐnai mia anoiqt  kluy  tou. 'Ara uprqei peperasmènh upokluyh. Dhlad  gia
1; 2; : : : ; s 2 
 isqÔei ìti 
 
sS
i=1
Int[F
i
kk (A;B)]. Jètontac 
 = maxfi :
i = 1; 2; : : : ; sg , h prohgoÔmenh prìtash oloklhr¸nei thn apìdeixh.
'Opwc anafèrame sthn pr¸th pargrafo tou kefalaÐou, gia kBk  1 kai
B =
pkBk2   1 = kBk, to sÔnolo   orjogwniìthtac F Bkk(A;B) sumpÐptei me
to arijmhtikì pedÐo Fkk(A;B). EpÐshc eÔkola epibebai¸netai ìti
F kk(A;B) =
n
 2 C : kA  Bk 
p
1  2 kBk j  j; 8 2 C
o
=

p
1  2 kBk 2 C : kA  Bk 
 p1  2 kBk ; 8 2 C
=
1p
1  2 kBk
n
 2 C : kA  Bk 
 p1  2 kBk ; 8 2 Co :
Knontac qr sh thc Prìtashc 3.5.2 pou ja doÔme sthn epìmenh pargrafo kai
thc sqèshc (3.4.3), èqoume ta akìlouja apotelèsmata.
Je¸rhma 3.4.4. Gia kje A;B 2 Cnm me B 6= 0 kai  2 [0; 1), èpetai ìti
F kk(A;B) = Fkk(q
 1
 A;B; q) = Fkk(q
 1
 A; q
 1
 B);
ìpou q =
p
1  2 kBk. IsodÔnama, gia kje A;B 2 Cnm kai q 2 (0; 1], me
kBk  q,
F
q
kk(A;B) = Fkk(q
 1A;B; q) = Fkk(q 1A; q 1B);
ìpou q =
pkBk2   q2 = kBk.
Pìrisma 3.4.5. Gia kje A;B 2 Cnm kai q 2 (0; 1], me kBk = q, èpetai ìti
Fkk(A;B; q) = F 0kk(A;B) = f 2 C : B ?BJ (A  B)g :
Anaforik me to q arijmhtikì pedÐo Fkk(A;B; q), ta parapnw apotelèsmata
mac plhroforoÔn gia to ìti h Prìtash 3.4.1 apoteleÐ genÐkeush thc sqèshc
(3.4.2).
3.5 Basikèc Idiìthtec
Sth sunèqeia proqwrme sthn parousÐash twn basik¸n idiot twn twn sunìlwn
 orjogwniìthtac.
Prìtash 3.5.1. 'Estw A;B 2 Cnm me B 6= 0. An A = bB gia kpoio b 2 C,
tìte isqÔei F kk(bB;B) = fbg.
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Apìdeixh. Gia A = bB kai b 2 C, èqoume
F kk(bB;B) =
n
 2 C : kbB   Bk  j  j
p
1  2 kBk; 8 2 C
o
=
n
 2 C : kBk jb  j  j  j
p
1  2 kBk; 8 2 C
o
:
AfoÔ kBkp
1 2 kBk  1, eÐnai profanèc ìti kBk jb   j  jb   j
p
1  2 kBk, ra
b 2 F kk(bB;B). 'Estw t¸ra b^ 2 F kk(bB;B) n fbg. Tìte sto eujÔgrammo tm ma
me kra b kai b^ uprqei èna shmeÐo 0 tètoio ¸ste
kBkp
1 2 kBk jb   0j < jb^   0j,
dhlad  b^ =2 F kk(bB;B). 'Atopo, epomènwc F kk(bB;B) = fbg.
To antÐstrofo thc prìtashc aut c genik den isqÔei. Gia pardeigma, an h
nìrma k  k epgetai apì eswterikì ginìmeno pinkwn tìte to F 0kk(A;B) gia kje
epilog  twn pinkwn A kai B 6= 0 eÐnai pnta monosÔnolo (blèpe Prìtash 3.5.8
paraktw).
Prìtash 3.5.2. Gia tuqaÐouc arijmoÔc a; b 2 C, isqÔei
F kk(aA+ bB;B) = aF

kk(A;B) + b:
Apìdeixh. 'Estw a 6= 0. Tìte o migadikìc a + b an kei sto F kk(aA + bB;B)
an kai mìno an
kaA+ bB   Bk  ja+ b  j
p
1  2 kBk; 8 2 C;
  isodÔnama, an kai mìno an
jaj
A+ b  a B
  jaj + b  a
p1  2 kBk; 8 2 C;
  isodÔnama, an kai mìno an
kA  Bk  j  j
p
1  2 kBk; 8 2 C:
Epomènwc a+ b 2 F kk(aA+ bB;B) an kai mìno an  2 F kk(A;B).
An a = 0, tìte F kk(aA+ bB;B) = F

kk(bB;B) = fbg.
Prìtash 3.5.3. An A 6= 0, tìte isqÔei
 1 2 C :  2 F kk(A;B); jj  kAk=kBk
	  F kk(B;A):
Apìdeixh. 'Estw  2 F kk(A;B) me jj  kAkkBk . Tìte èqoume
kA  Bk  j  j
p
1  2 kBk; 8 2 C;
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  isodÔnama,
jj
1A B
  jj    1p1  2 kBk; 8 2 Cnf0g;
  isodÔnama,
kB   Ak  j  1j = jj j 1   j
p
1  2 kBk; 8 2 C:
AfoÔ ìmwc jj  kAkkBk ; èpetai ìti  1 2 F kk(B;A).
Prìtash 3.5.4. 'Estw A;B 2 Cnm. Tìte isqÔei
Int[F kk(A;B)] 
n
 2 C : kA  Bk >
p
1  2 kBk j  j; 8 2 C
o
:
Apìdeixh. 'Estw  2 Int[F kk(A;B)]. Tìte uprqei  > 0 tètoio ¸ste +ei 2
F kk(A;B) gia kje  2 [0; 2]. 'Ara, èqoume
kA  Bk   + ei  p1  2 kBk; 8 2 C;  2 [0; 2]:
'Omwc gia kje  2 C; uprqei gwnÐa () 2 [0; 2] katllhlh ¸ste + ei()   > j  j:
Sunep¸c, kA  Bk > j  jp1  2 kBk gia kje  2 C.
Prìtash 3.5.5. 'Estw ìti f : (Cn1m1 ; k  k) ! (Cn2m2 ; jk  jk) eÐnai mia
grammik  apeikìnish jkf(M)jk = ( ;  ) kMk gia kje M 2 Cn1m1 . Tìte
gia kje A;B 2 Cn1m1 , isqÔei F jkjk(f(A); f(B)) = ( ;  ) F kk(A;B).
Apìdeixh. Upojètoume ìti kMk  jkf(M)jk gia kje M 2 Cn1m1 kai èstw
 2 F kk(A;B). Tìte gia kje  2 C,
p
1  2 kBk j  j  kA  Bk  jkf(A  B)jk = jkf(A)  f(B))jk;
ra,  2 F jkjk(f(A); f(B)). 'Omoia apodeiknÔontai kai oi upìloipec dÔo peript¸-
seic.
Sthn perÐptwsh pou h nìrma pou qrhsimopoioÔme ston orismì tou sunìlou
Birkho{James  orjogwniìthtac epgetai apì eswterikì ginìmeno pinkwn (ì-
pwc gia pardeigma h nìrma Frobenius k  kF ), tìte to qwrÐo autì eÐnai kuklikìc
dÐskoc. PrÐn proqwr soume sthn apìdeixh autoÔ, diatup¸noume kai apodeiknÔ-
oume ta paraktw l mmata, pou ja qreiastoÔn. To pr¸to l mma eÐnai eidik 
perÐptwsh tou L mmatoc 3.1.1 kai gia lìgouc plhrìthtac, dÐnetai mia apl  apì-
deixh.
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L mma 3.5.6. 'Estw ìti h nìrma pÐnaka kk epgetai apo to eswterikì ginìmeno
pinkwn h; i kai èstw A;B 2 Cnm. Tìte eÐnai A ?BJ B an kai mìno an
hA;Bi = 0.
Apìdeixh. GnwrÐzoume ìti A ?BJ B an kai mìno an
kA+ Bk  kAk; 8 2 C;
  isodÔnama, an kai mìno an
jj2kBk2   2Ref hA;Big; 8 2 C:
'Omwc gia  2 R, èqoume
jj2kBk2   2Ref hA;Big =  2RefhA;Big; 8 2 R
kai
jj2kBk2 = jij2kBk2   2Refi hA;Big =  2 ImfhA;Big; 8 2 R:
Epomènwc, RefhA;Big = ImfhA;Big = 0 kai h apìdeixh oloklhr¸jhke.
L mma 3.5.7. 'Estw ìti h nìrma k  k epgetai apo to eswterikì ginìmeno h; i
kai èstw A;B 2 Cnm. Tìte hA;Bi=kBk2 2 F kk(A;B). Epiplèon, an  = 0,
tìte F 0kk(A;B) =
n
hA;Bi
kBk2
o
.
Apìdeixh. 'Otan h nìrma epgetai apì eswterikì ginìmeno, gia èna  2 C isqÔei
B ? (A   B) an kai mìno an hB;A   Bi = 0, isodÔnama, an kai mìno an
 = hA;Bi=kBk2. Apì to Je¸rhma 3.4.5 kai to gegonìc ìti
f 2 C : B ?BJ (A  B)g = kBk 1Fkk(A; kBk 1B)  Fkk(A;B);
h apìdeixh oloklhr¸jhke.
Je¸rhma 3.5.8. An h nìrma pÐnaka k  k epgetai apì èna eswterikì ginìmeno
pinkwn h; i, tìte
F kk(A;B) = D
hA;Bi
kBk2 ;
A  hA;BikBk2 B
 p1  2 kBk

:
Apìdeixh. Ja parousisoume dÔo apodeÐxeic gia to je¸rhma autì.
Pr¸th apìdeixh. 'Estw ìti h nìrma kk epgetai apì èna eswterikì ginìmeno pin-
kwn h; i. 'Opwc eÐpame sthn arq  tou kefalaÐou (L mma 3.1.1), h Birkho{James
 orjogwniìthta tautÐzetai me thn  orjogwniìthta tou eswterikoÔ ginomènou.
'Ara èna  2 C an kei sto F kk(A;B) an kai mìno an
B ? (A  B);
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  isodÔnama, an kai mìno an
jhB;A  Bij   kBk kA  Bk;
  isodÔnama, an kai mìno an
hB;A  Bi hA  B;Bi  2kBk2hA  B;A  Bi;
  isodÔnama, an kai mìno an
jhA;Bij2
kBk4  
hB;Ai
kBk2  
hA;Bi
kBk2 +jj
2  2
kAk2
kBk2   
hB;Ai
kBk2   
hA;Bi
kBk2 + jj
2

;
  isodÔnama, an kai mìno an  hA;BikBk2
2 (1  2)  2kBk2
A  hA;BikBk2 B
2 :
'Ara to  an kei sto F kk(A;B) an kai mìno an eÐnai shmeÐo tou kuklikoÔ dÐskou
D
hA;Bi
kBk2 ;
A  hA;BikBk2 B
 p1  2 kBk

:
DeÔterh apìdeixh. An  = 0, tìte apì to L mma 3.5.7, F kk(A;B) = fhA;Big =
D(hA;Bi; 0).
'Estw t¸ra ìti  > 0. Jètoume A^ = A  hA;BikBk2 B kai parathroÔme ìti
F kk(A^;B) = F

kk(A;B) 
hA;Bi
kBk2 kai hA^; Bi = 0:
'Etsi gia kje r > 0, èqoume
kA^  reiBkp
1  2 kBk =
1p
1  2 kBk
q
kA^k2 + r2kBk2 ; 8  2 [0; 2]
kai sunep¸c, \
2[0;2]
D

rei;
1p
1  2 kBk
A^  reiB
= D

0 ;
1p
1  2 kBk
q
kA^k2 + r2kBk2   r

:
'Amesa epÐshc blèpoume ìti
min
r0

1p
1  2 kBk
q
kA^k2 + r2kBk2   r

= kA^k p
1  2 kBk ;
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ìpou to elqisto lambnetai gia
r =
p
1  2 kA^k
kBk :
Epomènwc,
F kk(A^;B) =
\
r0
D
0@0;
q
kA^k2 + r2kBk2   rp
1  2 kBk
1A
= D

0; kA^k p
1  2 kBk

kai h apìdeixh oloklhr¸jhke.
3.6 Sunèqeia
EÐnai gnwstì ìti to klasikì arijmhtikì pedÐo enìc tetragwnikoÔ pÐnaka eÐnai
suneq c apeikìnish wc proc proc ta stoiqeÐa tou pÐnaka [35]. Gia to sÔnolo
F kk(A;B) prokÔptoun difora erwt mata sqetik me thn idiìthta thc sunèqeiac,
kaj¸c to sÔnolo autì exarttai tìso apì touc pÐnakec A kai B ìso kai apì thn
pragmatik  parmetro . Gia pardeigma, eÐnai to F kk(A;B) suneqèc wc proc
ton pÐnaka A   ton pÐnaka B   to ; M pwc eÐnai telik suneqèc wc prìc thn
trida (A;B; ) 2 Cnm  Cnm  [0; 1); 'Olec oi parapnw morfèc sunèqeiac
jewroÔntai me bsh thn metrik  Hausdor, pou gia dÔo sumpag  uposÔnola 
1,

2 enìc metrikoÔ q¸rou (Q,d) orÐzetai wc ex c:
H(
1;
2) = max

max
a2
1
min
b2
2
d(a; b);max
b2
2
min
a2
1
d(a; b)

:
Gia ìti akoloujeÐ, qr simoi eÐnai kai oi paraktw orismoÐ.
Orismìc 3.6.1. 'Estw apeikìnish F : X 7! Y , ìpou X metrikìc q¸roc kai
Y pl rhc metrikìc q¸roc kai y(; ) h metrik  tou Y . 'Estw B(0) = fx 2 Y :
y(0; x)  g.
(i) Ja lème ìti h F eÐnai  nw hmisuneq c se èna shmeÐo t0 2 X an gia kje
 > 0, uprqei perioq  U(t0)  X tou t0, tètoia ¸ste gia kje t 2 U(t0) eÐnai
F (t)  F (t0) + B(0).
(ii) Ja lème ìti h F eÐnai  ktw hmisuneq c se èna shmeÐo t0 2 X an gia kje
 > 0, uprqei perioq  U(t0)  X tou t0, tètoia ¸ste gia kje t 2 U(t0) eÐnai
F (t0)  F (t) + B(0).
Orismìc 3.6.2. 'Estw apeikìnish F : X 7! Y , ìpou X metrikìc q¸roc kai Y
pl rhc metrikìc q¸roc kai y(; ) h metrik  tou Y .
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(i) Ja lème ìti h F eÐnai nw hmisuneq c se èna shmeÐo t0 2 X an gia kje
perioq  U(F (t0))  Y tou F (t0), uprqei perioq  U(t0)  X tou t0, tètoia ¸ste
F (t)  U(F (t0)); 8 t 2 U(t0):
(ii) Ja lème ìti h F eÐnai ktw hmisuneq c se èna shmeÐo t0 2 X an gia kje
y0 2 F (t0) kai kje perioq  U(y0)  Y tou y0, uprqei perioq  U(t0)  X tou
t0, tètoia ¸ste
F (t) \ U(y0) 6= ;; 8 t 2 U(t0):
Oi ènnoiec thc  nw (antÐstoiqa,  ktw) hmisunèqeiac kai thc nw (antÐ-
stoiqa, ktw) hmisunèqeiac tautÐzontai sthn perÐptwsh twn sumpag¸n sunìlwn,
ìpwc deÐqnei kai to paraktw l mma [3].
L mma 3.6.1. 'Estw apeikìnish F : X 7! Y , ìpou Q metrikìc q¸roc kai Y
pl rhc metrikìc q¸roc kai y(; ) h metrik  tou Y .
(i) An h F eÐnai nw hmisuneq c se èna shmeÐo t0 2 X, tìte eÐnai kai  nw
hmisuneq c. To antÐstrofo isqÔei an F (t0) sumpagèc.
(ii) An h F eÐnai  ktw hmisuneq c se èna shmeÐo t0 2 X, tìte eÐnai kai ktw
hmisuneq c. To antÐstrofo isqÔei an F (t0) sumpagèc.
Sunèqeia se èna shmeÐo t0, wc proc th Hausdor metrik  gia mia apeikìnish F
ìpwc prÐn, shmaÐnei ìti h F eÐnai tautìqrona  nw kai  ktw hmisuneq c sto t0.
An to F (t0) eÐnai sumpagèc, tìte apì to prohgoÔmeno l mma èpetai ìti sunèqeia
wc proc th Hausdor metrik  shmaÐnei tautìqrona nw kai ktw hmisunèqeia.
Sth sunèqeia, ja deÐxoume ìti to F kk(A;B) eÐnai nw hmisuneqèc wc proc A. Gia
thn apìdeixh thc idiìthtac aut c qreiazìmaste kai to epìmeno l mma [32].
L mma 3.6.2. 'Estw A;B 2 Cnm,  2 [0; 1) kai o pÐnakac A den eÐnai polla-
plsio tou B. Tìte gia kje  > 0, uprqoun 1; 2; : : : ; k tètoia ¸ste
H
 
k\
i=1
D

i;
kA  iBkp
1  2 kBk

; F kk(A;B)
!
 :
Prìtash 3.6.3. 'Estw A;B 2 Cnm,  2 [0; 1) kai o pÐnakac A den eÐnai
pollaplsio tou B. Tìte h apeikìnish
A 7! F kk(A;B)
eÐnai nw hmisuneq c.
Apìdeixh. 'Estw A 2 Cnm kai èstw =2 > 0. Tìte apì to L mma 3.6.2 upr-
qoun 1; 2; : : : ; k 2 C tètoia ¸ste an G(A) =
kT
i=1
D

i;
kA iBkp
1 2 kBk

na isqÔei
H(G(A); F

kk(A;B))  =2. 'Omwc, gia kje E 2 Cnm, isqÔei
kA  iBkp
1  2 kBk =
kA+ E   iB   Ekp
1  2 kBk 
kA+ E   iBkp
1  2 kBk +
kEkp
1  2 kBk
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gia i = 1; 2; : : : ; k. Epomènwc, to sÔnolo

(A) =
k\
i=1
D

i;
kA+ E   iBkp
1  2 kBk +
kEkp
1  2 kBk

;
perièqei to
F kk(A+ E;B) =
\
2C
D

;
kA+ E   Bkp
1  2 kBk

:
Apì [44](Keflaio 1, Pargrafoc 7, Je¸rhma 3), uprqei èna  > 0 tètoio ¸ste
gia kje E 2 Cnm me kEk   na eÐnai H(G(A);
(A))  =2. Epomènwc, gia
kje E 2 Cnm me kEk   èqoume ìti
H(F

kk(A;B);
(A))  H(F kk(A;B); G(A)) + H(G(A);
(A))  :
Autì shmaÐnei ìti 
(A)  F kk(A;B) + D(0; ), ra kai ìti F kk(A + E;B) 
F kk(A;B) + D(0; ), pou shmaÐnei ìti h F kk(;B) eÐnai  nw hmisuneq c, ra
apì to L mma 3.6.1, eÐnai kai nw hmisuneq c.
Gia thn parmetro  2 [0; 1) isqÔei h idiìthta thc sunèqeiac, ìpwc apokalÔ-
ptoun ta paraktw. Shmei¸noume ìti sth perÐptwsh pou o pÐnakac A eÐnai (baj-
mwtì) pollaplsio tou pÐnaka B, tìte to qwrÐo F kk(A;B) diathreÐtai (stajerì)
monosÔnolo gia kje  2 [0; 1). Epomènwc, sth perÐptwsh aut  h apeikìnish
 7! F kk(A;B) eÐnai suneq c kat terimmèno trìpo.
Prìtash 3.6.4. 'Estw A;B 2 Cnm kai o pÐnakac A den eÐnai pollaplsio
tou B. Tìte h apeikìnish
 7! F kk(A;B);
gia  2 [0; 1), eÐnai nw hmisuneq c.
Apìdeixh. 'Estw tuqaÐo  2 [0; 1). ArkeÐ na deÐxw ìti gia kje  > 0 uprqei
perioq  tou , U() tètoia ¸ste na isqÔei F ^kk(A;B)  F kk(A;B) +D(0; ). Gia
^ 2 U() me ^ < , o egkleismìc pou jèloume na apodeÐxoume profan¸c isqÔei.
Autì diìti gia ^ <  eÐnai F ^kk(A;B)  F kk(A;B) apì thn Prìtash 3.4.1. 'Ara
jewroÔme ìti ^ > . OrÐzoume to sÔnolo
G() =
k\
i=1
D

i;
kA  iBkp
1  2 kBk

;
me H(G(); F kk(A;B)) < =2, apo to L mma 3.6.2. 'Omwc apì [44](Keflaio 1,
Pargrafoc 7, Je¸rhma 3), uprqei ^ kont sto  tètoio ¸ste H(G(); G(^)) <
=2. Epomènwc,
H(G(^); F

kk(A;B))  H(G(^); G()) + H(G(); F kk(A;B))
< =2 + =2 = :
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Dhlad , G(^)  F kk(A;B)+D(0; ). 'Omwc eÐnai F ^kk(A;B)  G(^), pou shmaÐnei
ìti
F ^kk(A;B)  F kk(A;B) +D(0; );
dhlad  ìti to F kk(A;B) eÐnai  nw hmisuneqèc wc proc , ra kai nw hmisune-
qèc.
Prìtash 3.6.5. 'Estw A;B 2 Cnm kai o pÐnakac A den eÐnai pollaplsio
tou B. Tìte h apeikìnish
 7! F kk(A;B);
gia  2 [0; 1), eÐnai ktw hmisuneq c.
Apìdeixh. 'Estw  2 [0; 1) kai tuqaÐo  2 F kk(A;B). Prèpei na deÐxoume ìti gia
kje perioq  tou  thc morf c D(; ),  > 0, uprqei perioq  U() = (  ; +
),  > 0, tètoia ¸ste gia kje ^ 2 ( ; +) na isqÔei F ^kk(A;B)\D(; ) 6= ;.
'Omwc, apì thn Prìtash 3.4.1, gia ^ 2 [;  + ) èqoume ìti  2 F ^kk(A;B).
Epomènwc, arkeÐ na exetsoume ti gÐnetai gia ^ 2 (   ; ), ìpou  2 (0; 1). An
gia kpoio ^ <  isqÔei ìti F ^kk(A;B) \ D(; ) 6= ;, tìte lìgw thc idiìthtac
F 1kk(A;B)  Int[F 2kk(A;B)] gia 1 < 2, ja èqoume dhmiourg sei thn zhtoÔmenh
perioq  tou .
Epomènwc, qwrÐc blbh thc genikìthtac, upojètoume gia topo, ìti uprqei
0 > 0 tètoio ¸ste F ^kk(A;B) \ D(; 0) = ;, gia kje ^ < . Epomènwc,
uprqoun gwnÐec 1; 2 2 [0; 2] tètoiec ¸ste 0 + 0ei 2 Int[F kk(A;B)], gia
kje  2 [1; 2], en¸ tautìqrona uprqei ;0; 2 C tètoio ¸ste
j+ 0ei   ;0;j >
kA  ;0;Bkp
1  ^2 kBk ;
gia kje ^ < .
'Estw t¸ra mia akoloujÐa fngn2N me 0 < n <  gia kje n 2 N kai lim
n!1
n !
. Tìte gia kje n 2 N, uprqei ;0;n ètsi ¸ste
j+ 0ei   ;0;n j >
kA  ;0;n Bkp
1  2n kBk
(3.6.1)
 
j+ 0eij+ j;0;n j >
1p
1  2n kBk
kAk   kBk j;0;n j
An j;0;n j kBk < kAk, tìte èqoume j;0;n j < kAk = kBk. An ìqi, tìte
j;0;n j kBk   kAk <
p
1  2n kBk (j+ 0eij+ j;0;n j)
kai afoÔ n > 0, prokÔptei ìti
j;0;n j <
kAk+p1  2n kBk j+ 0eij
kBk (1 p1  2n) :
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'Opwc kai sthn apìdeixh thc Prìtashc 3.4.3, h akoloujÐa ;0;n eÐnai fragmènh,
ra èqei sugklÐnousa upakoloujÐa ;0;tn , me 
;0;
tn ! 0 2 C, kaj¸c tn ! 1.
Tìte h sqèsh (3.6.1) gÐnetai
j+ 0ei   ;0;tn j >
kA  ;0;tn Bkp
1  2tn kBk
;
epomènwc,
lim
tn!1
j+ 0ei   ;0;tn j  limtn!1
kA  ;0;tn Bkp
1  2tn kBk
 
j+ 0ei   0j  kA  0Bkp
1  2 kBk ;
to opoÐo eÐnai topo diìti gia kje  2 [1; 2] to +0ei an kei sto Int[F kk(A;B)].
Epomènwc, h apeikìnish  7! F kk(A;B) eÐnai ktw hmisuneq c.
Je¸rhma 3.6.6. 'Estw A;B 2 Cnm kai o pÐnakac A den eÐnai pollaplsio
tou B. Tìte h apeikìnish
 7! F kk(A;B);
gia  2 [0; 1), eÐnai suneq c.
Apìdeixh. ProkÔptei mesa apì tic Protseic 3.6.4 kai 3.6.5.
3.7 To SÔnoro tou F kk(A;B) kai Idiotimèc
H ènnoia tou fsmatoc genikeÔetai kai stouc ìqi upoqrewtik tetragwnikoÔc
pÐnakec. 'Estw A;B 2 Cnm me n  m. 'Enac 0 2 C onomzetai idiotim 
tou pÐnaka A wc proc ton pÐnaka B an uprqei mh mhdenikì dinusma x0 2 Cm
tètoio ¸ste na isqÔei (A  0B)x0 = 0. Sthn perÐptwsh aut  to x0 onomzetai
idiodinusma thc idiotim c 0 [6]. To sÔnolo twn idiotim¸n tou pÐnaka A wc proc
ton pÐnaka B onomzetai fsma tou A wc proc ton B kai to sumbolÐzoume me
(A;B).
Prèpei se autì to shmeÐo na shmei¸soume ìti h sunj kh n  m gia tic
diastseic tou pÐnaka A  B eÐnai aparaÐthth. An m > n, tìte gia kje  2 C
kaj¸c oi grammèc tou pÐnaka A  B eÐnai n se pl joc all distashc m > n,
mporoÔme na epilèxoume apì to orjog¸nio sumpl rwma tou upìqwrou tou Cm
pou pargoun, èna dinusma y 6= 0 tètoio ¸ste na eÐnai (A   B)y = 0. 'Etsi
ìmwc prokÔptei ìti (A;B) = C, perÐptwsh tetrimmènh.
Prìtash 3.7.1. 'Estw ìti h nìrma k  k epgetai apì dianusmatik  nìrma, n 
m kai 0 mia idiotim  tou A wc proc ton B. An x0 èna antÐstoiqo monadiaÐo idiodi-
nusma (dhlad  (A 0B)x0 = 0), tìte gia kje  2
hpkBk2   kBx0k2 = kBk; 1,
h idiotim  0 an kei sto sÔnolo  orjogwniìthtac F kk(A;B).
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Apìdeixh. 'Eqoume
kA  Bkp
1  2 kBk =
kA  Bk kx0kp
1  2 kBk 
kAx0   Bx0kp
1  2 kBk
=
k0Bx0   Bx0kp
1  2 kBk =
kBx0k j0   jp
1  2 kBk :
'Omwc gia  2
hpkBk2   kBx0k2 = kBk; 1, h teleutaÐa isìthta dÐnei
kBx0k j0   jp
1  2 kBk  j0   j;
ra 0 2 F kk(A;B).
Sthn perÐptwsh tou arijmhtikoÔ pedÐou Fkk(A;B), dhlad  gia  = B, h
Prìtash 3.7.1 odhgeÐ sto epìmeno pìrisma.
Pìrisma 3.7.2. 'Estw ìti h nìrma kk epgetai apì dianusmatik  nìrma. 'Estw
epÐshc A;B 2 Cnm (n  m) me kBk  1. Kje idiotim  0 tou A wc proc
ton B, me antÐstoiqo monadiaÐo idiodinusma x0 2 Cm tètoio ¸ste kBx0k  1,
an kei sto Fkk(A;B) = F
B
kk(A;B)
Apìdeixh. SÔmfwna me thn prohgoÔmenh prìtash,
B 
p
kBk2   kBx0k2 = kBk
  p
kBk2   1 = kBk 
p
kBk2   kBx0k2 = kBk:
Epomènwc, arkeÐ kBx0k  1.
Gia thn perÐptwsh twn tetragwnik¸n pinkwn me B antistrèyimo kai  = B,
apì to pìrisma autì èpetai mesa kai to epìmeno.
Pìrisma 3.7.3. 'Estw ìti h nìrma k  k epgetai apì dianusmatik  nìrma.
'Estw epÐshc A;B 2 Cnn me kBk  1 kai kB 1k  1. Tìte ìlec oi idiotimèc
tou A wc proc ton B an koun sto F Bkk(A;B).
Apìdeixh. 'Estw 0 mia idiotim  tou A wc proc ton B kai èstw x0 monadiaÐo
idiodinusm thc. Tìte
1 = kx0k = kBB 1x0k  kB 1k kBx0k  kBx0k:
Apì to prohgoÔmeno pìrisma prokÔptei mesa to zhtoÔmeno.
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'Opwc eÐdame kai sto pr¸to keflaio, an mia idiotim  tou pÐnaka A an kei
sto sÔnoro tou arijmhtikoÔ tou pedÐou F (A), tìte aut  eÐnai kanonik  idiotim .
'Estw A;B dÔo tetragwnikoÐ pÐnakec Ðdiac distashc me B antistrèyimo. Tìte
orÐzoume kanonik  idiotim  tou A wc proc ton B kje kanonik  idiotim  tou pÐnaka
B 1A.
Pìrisma 3.7.4. 'Estw A;B 2 Cnn,  mia idiotim  tou A wc proc ton B kai
 2 @F Bkk2(A;B). An kB 1k2  1, tìte h  eÐnai kanonik  idiotim  tou A wc
proc ton B.
Apìdeixh. Apì to Pìrisma 3.7.3 isqÔei ìti  2 F Bkk2(A;B). 'Ara
j  j  kA  Bk2  kB 1A  Ink2; 8 2 C:
Dhlad ,  2 F (B 1A). 'Omwc, afoÔ  2 @F Bkk2(A;B), tìte gia kje  > 0
uprqei  tètoio ¸ste
j  j+  > kA  Bk2  kB 1k kA  Bk2  kB 1A  Ink2:
Dhlad ,  2 @F (B 1A). Sunep¸c to  eÐnai kanonik  idiotim  tou B 1A, ra
kai tou A wc proc ton B.
H epìmenh prìtash perigrfei ti sumbaÐnei ìtan mia idiotim  tou A wc proc
ton B an kei sto sÔnoro tou F kk(A;B).
Prìtash 3.7.5. 'Estw A;B 2 Cnm me B 6= 0 kai 0   < 1 kai èstw ìti o
pÐnakac A den eÐnai pollaplsio tou B. 'Estw epÐshc 0 mia idiotim  tou A wc
proc ton B pou brÐsketai sto sÔnoro tou F kk(A;B). Tìte gia kje monadiaÐo
idiodinusma x0 2 Cm thc idiotim c 0, isqÔei ìti
 2
h
0;
p
kBk2   kBx0k2 = kBk
i
:
Apìdeixh. Upojètoume ìti h idiotim  0 brÐsketai sto sÔnoro tou F kk(A;B).
Tìte gia kje  > 0, uprqei  2 C,  6= 0, tètoio ¸ste
D(0; ) 6 D

;
kA  Bkp
1  2 kBk

;
 
j0   j+  > kA  Bkp
1  2 kBk 
k(A  B)x0kp
1  2 kBk :
'Omwc, afoÔ Ax0 = 0Bx0, èpetai ìti
j0   j+  > k(0   )Bx0kp
1  2 kBk =
j0   j kBx0kp
1  2 kBk
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 j0   j
 kBx0kp
1  2 kBk   1

 : (3.7.1)
Apì to gegonìc ìti F kk(A;B) den eÐnai monosÔnolo kai ìti an kei ston dÐsko
D(; kA   Bk=
p
1  2 kBk), èpetai ìti to  de mporeÐ na eÐnai aujaÐreta
kont sto 0. Epomènwc, an
 =2
h
0;
p
kBk2   kBx0k2 = kBk
i
:
h anisìthta (3.7.1) odhgeÐ se topo.
Apì thn Prìtash 3.7.1 èqoume ìti gia mia idiotim  0 me monadiaÐo idiodinusma
x0 2 Cm eÐnai 0 2 F kk(A;B) gia  2
hpkBk2   kBx0k2 = kBk; 1. An loipìn
oi pÐnakec A;B eÐnai tetragwnikoÐ nn kai o B eÐnai antistrèyimoc me kB 1k 1 p
1  2 kBk, tìte ìlec oi idiotimèc tou A wc proc ton B an koun sto F kk(A;B).
'Etsi mporoÔme na proume to akìloujo apotèlesma tou genikeumènou epilÔontoc
sunìlou tou (A   zB), z 2 C n F kk(A;B), to opoÐo apoteleÐ epèktash tou
gnwstoÔ apotelèsmatoc thc apìstashc enìc shmeÐou apì to arijmhtikì pedÐo
telest .
Prìtash 3.7.6. 'Estw ìti h nìrma k  k epgetai apì dianusmatik  nìrma.
'Estw epÐshc  2 [0; 1) kai A;B nn pÐnakec me ton B antistrèyimo tètoio ¸ste
kB 1k 1  p1  2 kBk. Tìte gia kje migadikì  =2 F kk(A;B), h apìstash
d(; F kk(A;B)) tou  apì to qwrÐo F

kk(A;B) ikanopoieÐ th sqèsh
d(; F kk(A;B)) 
1p
1  2 kBk k(A  B) 1k :
Apìdeixh. Gia tuqaÐo  2 Fkk(AB 1; In), èqoume
j  j  kAB 1   Ink  k(A  B)k kB 1k  kA  Bkp
1  2 kBk ; 8 2 C
kai ètsi, Fkk(AB 1; In)  F kk(A;B). Apì [32], gia kje kurtì sÔnolo V pou
perièqei to Fkk(AB 1; In) kai kje  =2 V , isqÔei d(; V )  k(AB 1 In) 1k 1.
An t¸ra jèsoume V = F kk(A;B) èpetai ìti
d(; F kk(A;B)) 
1
k(AB 1   In) 1k 
(
p
1  2 kBk) 1
kB 1k k(AB 1   In) 1k
kai oloklhr¸netai h apìdeixh.
To epìmeno apotèlesma afor ta sunoriak shmeÐa tou F kk(A;B), twn opoÐ-
wn kai knei saf  qarakthrismì anloga me tic timèc pou paÐrnei to  2 [0; 1).
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Prìtash 3.7.7. 'Estw A;B 2 Cnm B 6= 0,  2 [0; 1) kai 0 2 F kk(A;B).
(i) To shmeÐo 0 an kei sto sÔnoro @F kk(A;B) an kai mìno an
inf
2C
n
kA  Bk  
p
1  2 kBk j0   j
o
= 0:
(ii) An  > 0, tìte to shmeÐo 0 2 @F kk(A;B) an kai mìno an
min
2C
n
kA  Bk  
p
1  2 kBk j0   j
o
= 0;
dhlad  an kai mìno an uprqei èna 0 2 C tètoio ¸ste
kA  0Bk =
p
1  2 kBk j0   0j:
Apìdeixh.
(i) An to 0 eÐnai sunoriakì shmeÐo tou F kk(A;B), tìte gia kje  > 0, uprqei
èna  2 C tètoio ¸ste
kA  Bk <
p
1  2 kBk j0   j+ : (3.7.2)
Epomènwc, h diafor kA Bk p1  2 kBk j0 j eÐnai mh arnhtik  gia kje
 2 C, ra èpetai ìti
inf
2C
n
kA  Bk  
p
1  2 kBk j0   j
o
= 0:
Gia to antÐstrofo, upojètoume ìti
inf
2C
n
kA  Bk  
p
1  2 kBk j0   j
o
= 0
kai gia topo, deqìmaste ìti 0 2 Int[F kk(A;B)]. 'Ara, uprqei pragmatikìc
r > 0 tètoioc ¸ste D(0; r)  Int[F kk(A;B)]. Epomènwc,
D(0; r)  Int

D

;
kA  Bkp
1  2 kBk

; 8 2 C;
 
kA  Bk  
p
1  2 kBk j0   j >
p
1  2 kBk r; 8 2 C;
 
inf
2C
n
kA  Bk  
p
1  2 kBk j0   j
o

p
1  2 kBk r > 0;
to opoÐo eÐnai topo.
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(ii) 'Estw t¸ra  > 0 kai 0 2 @F kk(A;B). Jètontac  = 1=k kai  = k
(k = 1; 2; : : : ) sthn (3.7.2) èpetai ìti
kA  kBk <
p
1  2 kBk j0   kj+ 1
k
;
 
j kAk   kkBk j <
p
1  2 kBk j0   kj+ 1
k
:
'Opwc èqoume deÐ kai se prohgoÔmenec apodeÐxeic, an jkj kBk < kAk, tìte
èqoume jkj < kAk = kBk. An ìqi, tìte
jkj kBk   kAk <
p
1  2 kBk (j0j+ jkj) + 1=k
kai afoÔ  > 0, prokÔptei ìti
jkj < kAk+
p
1  2 kBk j0j+ 1
kBk (1 p1  2) :
'Ara, h akoloujÐa fkgk2N eÐnai fragmènh kai èqei sugklÐnousa upakoloujÐa
fktgt2N. An upojèsoume ìti kt ! 0, tìte
kA  ktBk <
p
1  2 kBk j0   kt j+
1
kt
; 8 t 2 N;
 
lim
t

kA  ktBk  
p
1  2 kBk j0   kt j  
1
kt

 0;
 
kA  0Bk  
p
1  2 kBk j0   0j  0;
ìpou h teleutaÐa anisìthta eÐnai dunat  mìno wc isìthta.
To antÐstrofo èpetai mesa apì to (i).
An loipìn èqoume ìti  > 0, tìte h prohgoÔmenh prìtash ousiastik lèei ìti
gia kje 0 2 @F kk(A;B) uprqei ènac genn torac dÐskoc tou F kk(A;B) tètoioc
¸ste 0 2 @D

0;
kA 0Bkp
1 2 kBk

. Sunep¸c, gia  > 0 kai lìgw thc kurtìthtac tou
F kk(A;B), èqoume to akìloujo pìrisma.
Pìrisma 3.7.8. An 0 <  < 1, tìte to sÔnoro @F kk(A;B) den perièqei eujÔ-
gramma tm mata.
To Pìrisma 3.7.8 exhgeÐ th mh parousÐa eujÔgrammwn tmhmtwn sto sÔnoro
tou q arijmhtikoÔ pedÐou gia q 2 (0; 1), kti pou eÐqe parathrhjeÐ ed¸ kai qrìnia
gia to sÔnolo F (A; q), qwrÐc ìmwc na èqei apodeiqjeÐ.
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AxÐzei na shmeiwjeÐ ìti gia  = 0, to @F 0kk(A;B) mporeÐ na perièqei eujÔ-
gramma tm mata. Mia polÔ gnwst  tètoia perÐptwsh eÐnai to klasikì arijmhtikì
pedÐo tetragwnikoÔ pÐnaka A 2 Cnn, F (A) = F 0kk2(A; In) pou gia A kanonikì,
eÐnai pnta kurtì polÔgwno. Mia llh tètoia perÐptwsh dÐnoun ta paraktw.
Upojètoume ìti oi pÐnakec A;B 2 Cnm (n  m) eÐnai diag¸nioi, dhla-
d  ìla ta mh diag¸nia stoiqeÐa touc eÐnai mhdenik kai touc sumbolÐzoume A =
diagfa1; a2; : : : ; amg kai B = diagfb1; b2; : : : ; bmg. Upojètoume epÐshc ìti ìla ta
diag¸nia stoiqeÐa touB eÐnai mh mhdenik. Tìte oi lìgoi a1=b1; a2=b2; : : : ; am=bm
eÐnai oi idiotimèc tou A wc proc ton B, me antÐstoiqa monadiaÐa idiodianÔsmata
ta dianÔsmata thc kanonik c bshc tou Cm. Apì to Pìrisma 3.7.2 èqoume to
paraktw pìrisma.
Pìrisma 3.7.9. 'Estw A = diagfa1; a2; : : : ; amg kai B = diagfb1; b2; : : : ; bmg
nm (n  m) diag¸nioi pÐnakec me bi 6= 0 (i = 1; 2; : : : ;m). Tìte kje idiotim 
ai=bi 2 (A;B) me jbij  1 an kei sto F Bkk(A;B).
SumbolÐzoume me k  kd mia nìrma pÐnaka tètoia ¸ste gia kje nm (n  m)
diag¸nio pÐnaka D = diagfd1; d2; : : : ; dmg, isqÔei kDkd = max fjdjj : j = 1; 2;
: : : ;mg. Tètoiec nìrmec eÐnai oi k  k1, k  k2 kai k  k1.
Prìtash 3.7.10. 'Estw A = diagfa1; a2; : : : ; amg kai B = diagfb1; b2; : : : ; bmg
dÔo n m (n  m) diag¸nioi pÐnakec. An jb1j = jb2j =    = jbmj = 1; tìte to
arijmhtikì pedÐo Fkkd(A;B) = F
B
kkd(A;B) eÐnai h kurt  j kh twn idiotim¸n tou
A wc proc ton B, a1=b1; a2=b2; : : : ; am=bm.
Apìdeixh. Apì to prohgoÔmeno pìrisma kai thn kurtìthta tou Fkkd(A;B), èpetai
ìti Co f(A;B)g  W Bkkd(A;B). 'Estw t¸ra èna  =2 Co f(A;B)g. Tìte
uprqei ènac  2 C kai ènac pragmatikìc r > 0 tètoioi ¸ste o kleistìc
dÐskoc D (; r) na perièqei thn Co f(A;B)g all ìqi to . Sunep¸c,   aibi
  r < j   j ; i = 1; 2; : : : ;m;
 
jai   bij < j   j ; i = 1; 2; : : : ;m;
 
kA  Bkd < j   j:
'Ara,  =2 F Bkkd(A;B) kai h apìdeixh oloklhr¸jhke.
Gia na epibebai¸soume thn prohgoÔmenh prìtash akoloujeÐ èna pardeigma.
Gia touc 43 diag¸niouc pÐnakec A = diagfi; 1; 1+ig kai B = diagf1; i; ig, to
Fkk2(A;B) eÐnai h leuk  perioq  sto aristerì mèroc tou Sq matoc 3.4, pou eÐnai h
kurt  j kh tou (A;B) = fi; i; 1 + ig; epibebai¸nontac thn Prìtash 3.7.10.
An antikatast soume ton B me ton pÐnaka B^ = diagf3; i; ig, tìte h kurt 
58
j kh twn idiotim¸n (+), i=3; i; 1 + i 2 (A; B^) eÐnai gn sio uposÔnolo tou
Fkk2(A; B^), ìpwc deÐqnei to dexiì mèroc tou sq matoc. AxÐzei na shmei¸soume
ìti oi idiotimèc pou antistoiqoÔn sta diag¸nia stoiqeÐa tou pÐnaka B^ me mètro 1
paramènoun sto sÔnoro.
−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−1.5
−1
−0.5
0
0.5
1
1.5
Real  Axis
Im
ag
in
ar
y 
 A
xi
s
−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−1.5
−1
−0.5
0
0.5
1
1.5
Real  Axis
Im
ag
in
ar
y 
 A
xi
s
Sq ma 3.4: Ta arijmhtik pedÐa Fkk2(A;B) (arister) kai Fkk2(A; B^) (dexi).
GnwrÐzoume apì to pr¸to keflaio (Pìrisma 1.2.11) ìti to arijmhtikì pedÐo
enìc ermitianoÔ pÐnaka eÐnai kleistì disthma tou R, me kra thn elqisth kai
th mègisth idiotim  tou. Oloklhr¸nontac to keflaio autì, ja parousisoume
kpoia anloga apotelèsmata gia to arijmhtikì pedÐo Fkk(A;B), pou prokÔptoun
knontac qr sh ennoi¸n pou sunantme stouc q¸rouc Krein [40].
JewroÔme ton q¸ro Cn kai ènan ermitianì pÐnaka B 2 Cnn. Bsei tou pÐnaka
B orÐzoume to aìristo eswterikì ginìmeno [26]
(x; y) = hBx; yi = yBx;
ìpou h ;  i eÐnai to sÔnhjec eswterikì ginìmeno tou Cn. 'Enac q¸roc efodiasmè-
noc me èna aìristo eswterikì ginìmeno, onomzetai q¸roc Krein. Shmei¸noume
ìti an o pÐnakac B eÐnai antistrèyimoc, tìte to aìristo eswterikì ginìmeno eÐnai
kai mh ekfulismèno, dhlad  (x; x) = 0, x = 0.
Sthn perÐptwsh tou aìristou eswterikoÔ ginomènou (; ), uprqei monadikìc
pÐnakac A[] tètoioc ¸ste (x;Ay) = (A[]x; y). Apì thn teleutaÐa sqèsh prokÔ-
ptei ìti
A[] = B 1AB:
O pÐnakac A[] onomzetai o B autosuzug c tou A. Epiplèon, an A[] = A tìte
o A onomzetai B ermitianìc. Sth perÐptwsh aut  èqoume
A[] = A, B 1AB = A, AB = BA:
An A[] =  A, tìte o A onomzetai B antiermitianìc kai isqÔei
A[] =  A, B 1AB =  A, AB +BA = 0:
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An A[] = A 1, tìte o A onomzetai B orjomonadiaÐoc kai
ABA = B:
Prìtash 3.7.11. 'Estw A;B 2 Cnn me B ermitianì kai antistrèyimo. An o
A eÐnai B ermitianìc, tìte Fkk2

A; BkBk2

 R, gia kBk2  1.
Apìdeixh. 'Estw
 2 Fkk2

A;
B
kBk2

, j  j 
A   BkBk2

2
; 8 2 C:
'Omwc, apì upìjesh, A[] = A. Epomènwc,
j  j 
B 1AB    BkBk2

2
; 8 2 C
 
j  j 
B 1A   kBk2 In

2
kBk2; 8 2 C
 
j  j  kBk2B 1A   In2 ; 8 2 C:
Blèpoume loipìn ìti  2 F (kBk2B 1A) = kBk2F (B 1A). 'Omwc, o pÐnakac
B 1A eÐnai ermitianìc, afoÔ (B 1A) = AB 1 = B 1A apì thn idiìthta tou
A na eÐnai B ermitianìc. 'Ara Fkk2

A; BkBk2

 kBk2F (B 1A)  R, me
kBk2F (B 1A) = kBk2[min(B 1A); max(B 1A)];
ìpou min(B 1A) kai max(B 1A) eÐnai h elqisth kai h mègisth idiotim  tou
B 1A, antÐstoiqa.
Prìtash 3.7.12. 'Estw A;B 2 Cnn me B ermitianì kai antistrèyimo. 'Estw
ìti o A eÐnai B-antiermitianìc. Tìte Fkk2

A; BkBk2

 i  R, gia kBk2  1.
Apìdeixh. H apìdeixh akoloujeÐ akrib¸c thn Ðdia logik  me thn prohgoÔmenh.
ParathroÔme loipìn, ìti an o A eÐnai B ermitianìc, gia kBk2 = 1 èqoume
ìti Fkk2(A;B)  R, en¸ gia kBk2  1 eÐnai Fkk2

A; BkBk2

 kBk2Fkk2(A;B),
dhlad  Fkk2(A;B) \ R 6= ;. AntÐstoiqa apotelèsmata isqÔoun ìtan o A eÐnai
B antiermitianìc me ton fantastikì xona.
EÐdame apì to pr¸to keflaio ìti gia ènan A;2 Cnn oi pÐnakec
H(A) =
A+ A
2
kai S(A) =
A  A
2
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eÐnai to ermitianì kai antiermitianì mèroc tou A, antÐstoiqa. 'Omoia onomzoume
touc pÐnakec
HB(A) =
A+ A[]
2
kai SB(A) =
A  A[]
2
B ermitianì kai B antiermitianì mèroc tou A antÐstoiqa. ParathroÔme ìti A =
HB(A) + SB(A), kaj¸c epÐshc kai ìti
HB(A)
[] = B 1HB(A)B = B 1
(A+ A[])
2
B
=
1
2
B 1(A+B 1AB)B
=
1
2
B 1(A +BAB 1)B = HB(A)
kai ìmoia
SB(A)
[] =  SB(A):
Pìrisma 3.7.13. 'Estw A;B 2 Cnn me B ermitianì kai antistrèyimo. Tìte
Fkk2(HB(A);B)  kBk2RefF (AB 1)g  R.
Apìdeixh. Ta sumpersmata prokÔptoun mesa apì thn Prìtash 3.7.11.
Stouc q¸rouc Krein h ènnoia tou jetik hmiorismènou pÐnaka genikeÔetai sthn
ènnoia tou B mh arnhtikoÔ pÐnaka, me parapnw apì ènan trìpouc [41]. 'Enac apì
autoÔc eÐnai o ex c: ènac pÐnakac A 2 Cnn onomzetai B mh arnhtikìc gia ènan
B ermitianì kai antistrèyimo, an o pÐnakac BA eÐnai jetik hmiorismènoc. Gia ta
arijmhtik pedÐa twn jetik orismènwn kai hmiorismènwn pinkwn eÐdame ti isqÔei
sto pr¸to keflaio. SÔmfwna me to Pìrisma 1.2.13, to arijmhtikì pedÐo enìc
jetik orismènou pÐnaka (antÐstoiqa hmiorismènou) an kei ston jetikì hmixona
(0;+1) (antÐstoiqa ston mh arnhtikì hmixona [0;+1)). H paraktw prìtash
genikeÔei to apotèlesma autì stouc B mh arnhtikoÔc pÐnakec.
Prìtash 3.7.14. 'Estw A;B 2 Cnn me B ermitianì kai antistrèyimo, è-
stw ìti o A eÐnai B ermitianìc kai B mh arnhtikìc, dhlad  o BA eÐnai jetik
hmiorismènoc. Tìte Fkk2

A; BkBk2

 [0;+1).
Apìdeixh. Apì thn Prìtash 3.7.11 eÐdame ìti
Fkk2

A;
B
kBk2

 kBk2F (B 1A) = kBk2F (AB 1);
afoÔ A eÐnai B ermitianìc. ArkeÐ loipìn na deÐxoume ìti o pÐnakac AB 1 eÐnai
jetik orismènoc. 'Estw x 2 Cn tuqaÐo mh mhdenikì. Tìte èqoume
xAB 1x = xB 1BAB 1x = (B 1x)(BA)(B 1x)  0
afoÔ o pÐnakac BA eÐnai jetik hmiorismènoc. H apìdeixh oloklhr¸jhke.
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Keflaio 4
SÔnola Birkho{James
 Orjogwniìthtac gia
PoluwnumikoÔc PÐnakec
4.1 Arijmhtikì PedÐo Poluwnumik¸n Pin-
kwn
Ja xekin soume to keflaio autì parousizontac to klasikì arijmhtikì pedÐo
(tetragwnik¸n) poluwnumik¸n pinkwn kai kpoiec apì tic basikèc tou idiìthtec.
JewroÔme ènan n n poluwnumikì pÐnaka
P (z) = Alz
l + Al 1zl 1 +   + A1z + A0; (4.1.1)
ìpou z eÐnai mia migadik  metablht  kai Aj 2 Cnn (j = 0; 1; : : : ; l), me Al 6= 0.
'Enac arijmìc 0 2 C onomzetai idiotim  tou P (z), an to sÔsthma P (0) x =
0 èqei mh mhdenik  lÔsh x0 2 Cn. To dinusma x0 onomzetai dexiì idiodinusma
tou P (z) pou antistoiqeÐ sthn idiotim  0. AntÐstoiqa, èna mh mhdenikì dinusma
y0 2 Cn pou ikanopoieÐ th sqèsh y0 P (0) = 0, ja onomzetai aristerì idiodinu-
sma tou poluwnumikoÔ pÐnaka P (z) pou antistoiqeÐ sthn idiotim  0. To sÔnolo
ìlwn twn idiotim¸n tou P (z) eÐnai to fsma tou P (z)
(P (z)) = f 2 C : det(P ()) = 0g:
Sth perÐptwsh pou det(Al) 6= 0, to fsma tou poluwnumikoÔ pÐnaka P (z) èqei
to polÔ nl diakekrimèna stoiqeÐa. Se autì to shmeÐo prèpei na shmei¸soume ìti
deqìmaste ìti h orÐzousa det(P (z)) den eÐnai tautotik mhdenik , diìti tìte ja
 tan (P (z)) = C.
Ac exetsoume t¸ra ti sumbaÐnei ìtan det(Al) = 0. ParathroÔme ìti gia
z 6= 0,
P (z) = Alz
l + Al 1zl 1 +   + A1z + A0
= zl

Al + Al 1
1
z
+   + A1 1
zl 1
+ A0
1
zl

;
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epomènwc,
zlP (z 1) = A0zl + A1zl 1 +   + Al 1z + Al:
'Omwc, afoÔ det(Al) = 0, èpetai ìti o poluwnumikìc pÐnakac R(z) = zlP (z 1),
pou sto ex c ja ton onomzoume algebrik antÐstrofo tou P (z), èqei th mhdenik 
idiotim . 'Ara jewroÔme ìti o P (z) èqei idiotim  to 1. Ta idiodianÔsmata thc
peirhc idiotim c tou P (z) eÐnai ta idiodianÔsmata thc idiotim c 0 tou pÐnaka R(z),
me tic Ðdiec pollaplìthtec. Gia perissìtera stoiqeÐa gia touc poluwnumikoÔc
pÐnakec kai th fasmatik  touc jewrÐa, proteÐnetai to biblÐo twn I. Gohberg, P.
Lancaster kai L. Rodman [17].
Orismìc 4.1.1. To arijmhtikì pedÐo tou poluwnumikoÔ pÐnaka P (z) eÐnai to
sÔnolo
W (P (z)) = f 2 C : xP ()x = 0; x 2 Cn; x 6= 0g
= f 2 C : 0 2 F (P ())g:
Profan¸c, to arijmhtikì pedÐo W (P (z)) perièqei to fsma tou P (z). Sthn
perÐptwsh pou o poluwnumikìc pÐnakac P (z) eÐnai pr¸tou bajmoÔ, thc morf c
P (z) = zIn   A, èqoume (P (z)) = (A) kai
W (P (z)) = f 2 C : xP ()x = 0; x 2 Cn; x 6= 0g
= f 2 C : x(In   A)x = 0; x 2 Cn; xx = 1g
= F (A):
Sth sunèqeia, parajètoume tic basikìterec idiìthtec tou pedÐou W (P (z)).
Arketèc apì autèc ja tic genikeÔsoume sth epìmenh pargrafo tou kefalaÐ-
ou, gia ta antÐstoiqa sÔnola twn ìqi upoqrewtik tetragwnik¸n poluwnumik¸n
pinkwn, pou ja orÐsoume ekeÐ.
Prìtash 4.1.1. 'Estw ènac poluwnumikìc pÐnakac P (z) ìpwc sth (4.1.1).
Tìte isqÔoun ta paraktw:
(i) To W (P (z)) eÐnai kleistì sÔnolo sto C.
(ii) Gia kje a 2 C, isqÔei W (P (z + a)) = W (P (z))  a.
(iii) An R(z) = A0zl+   +Al 1z+Al = zlP (z 1) eÐnai o algebrik antÐstrofoc
poluwnumikìc pÐnakac tou P (z), tìte
W (R(z))nf0g =  2 C :  1 2 W (P (z))nf0g	 :
(iv) Gia kje pÐnaka S 2 Cnr bajmoÔ rankS = r, ìpou r  n, isqÔei
W (SP (z)S)  W (P (z)):
H isìthta isqÔei gia n = r.
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(v) An oi pÐnakec Aj 2 Cnn (j = 0; 1; : : : ; l) èqoun koinì isotropikì dinusma
x 2 Cn, dhlad  xAjx = 0, (j = 0; 1; : : : ; l), tìte W (P (z)) = C.
To arijmhtikì pedÐo enìc poluwnumikoÔ pÐnaka, an kai kleistì lìgw thc
sunèqeiac twn riz¸n enìc (bajmwtoÔ) poluwnÔmou wc proc touc suntelestèc
tou, den eÐnai kurtì all oÔte kat' angkh fragmèno   sunektikì uposÔnolo tou
migadikoÔ epipèdou, ìpwc to arijmhtikì pedÐo enìc stajeroÔ pÐnaka. Wstìso
isqÔei to epìmeno je¸rhma [36].
Je¸rhma 4.1.2. 'Estw P (z) ènac poluwnumikìc pÐnakac ìpwc sth (4.1.1).
Tìte to W (P (z)) eÐnai fragmèno an kai mìno an 0 =2 F (Al).
An to W (P (z)) eÐnai fragmèno, tìte isqÔei h epìmenh prìtash.
Prìtash 4.1.3. An to W (P (z)) eÐnai fragmèno, tìte apoteleÐtai apì to polÔ
l sunektik tm mata, ìpou l o bajmìc tou P (z).
Prìtash 4.1.4. An to W (P (z)) eÐnai fragmèno kai apoteleÐtai apì akrib¸c
l sunektik tm mata 
1;
2; : : : ;
l, tìte gia kje dinusma x 6= 0, h exÐswsh
xP (z)x = 0 èqei akrib¸c mia rÐza se kje 
i; i = 1; 2; : : : ; l.
Ta sunektik tm mata tou W (P (z)) mporeÐ na eÐnai kai apl memonwmèna
shmeÐa sto migadikì epÐpedo. Sugkekrimèna, gia tic katastseic autèc isqÔei to
paraktw je¸rhma [39].
Je¸rhma 4.1.5. 'Estw P (z) ènac poluwnumikìc pÐnakac ìpwc sth (4.1.1) kai
0 =2 F (Al) (dhlad  to W (P (z)) eÐnai fragmèno). An to 0 2 C eÐnai memonwmèno
shmeÐo tou W (P (z)), tìte
(i) P (0) = 0,
(ii) P (z) = (z   0)kP0(z) kai W (P0(z)) = W (P (z)) n f0g.
AntÐstrofa, ìtan o poluwnumikìc pÐnakac epidèqetai mia paragontopoÐhsh ì-
pwc sto (ii) kai 0 =2 W (P0(z)), tìte to 0 eÐnai memonwmèno shmeÐo touW (P (z)).
Oi idiìthtec enìc shmeÐou  2 W (P (z)) sundèontai mesa me tic idiìthtec
tou 0 wc shmeÐou tou F (P ()). Gia pardeigma, ìpwc eÐdame ston Orismì 4.1.1,
 2 W (P (z)) an kai mìno an 0 2 F (P ()). Epiplèon, isqÔoun kai ta paraktw
apotelèsmata [30, 39].
Je¸rhma 4.1.6. 'Estw P (z) ènac poluwnumikìc pÐnakac ìpwc sthn sqèsh
(4.1.1). An 0 2 @W (P (z)), tìte 0 2 @F (P (0)).
To antÐstrofo genik den isqÔei, kaj¸c apaiteÐ dÔo epiplèon asjeneÐc sun-
j kec.
Je¸rhma 4.1.7. 'Estw P (z) ènac poluwnumikìc pÐnakac ìpwc sth (4.1.1). An
0 2 @F (P (0)), P (0) 6= 0 kai 0 =2 F (P 0(0)) tìte 0 2 @W (P (z)).
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4.2 SÔnola Birkho{James
 Orjogwniìthtac gia PoluwnumikoÔc
PÐnakec
JewroÔme ènan nm poluwnumikì pÐnaka
P (z) = Alz
l + Al 1zl 1 +   + A1z + A0; (4.2.1)
ìpou z eÐnai mia migadik  metablht  kai Aj 2 Cnm (j = 0; 1; : : : ; l) me Al 6= 0.
An n  m, tìte ènac migadikìc 0 2 C onomzetai idiotim  tou poluwnumikoÔ
pÐnaka P (z), ìpwc sthn (4.2.1), an P (0)x0 = 0 gia kpoio mh mhdenikì dinusma
x0 2 Cm. Tìte to dinusma x0 kaleÐtai idiodinusma tou P (z) pou antistoiqeÐ
sthn idiotim  0. To sÔnolo ìlwn twn idiotim¸n tou nm (n  m) pÐnaka P (z)
eÐnai to fsma tou P (z),
(P (z)) = f 2 C : rankP () < mg:
'Opwc eÐdame ston Orismì 4.1.1, gia ènan n n poluwnumikì pÐnaka P (z), to
(klasikì) arijmhtikì pedÐo tou P (z) èqei oristeÐ na eÐnai to sÔnolo
W (P (z)) = f 2 C : 0 2 F (P ())g : (4.2.2)
ParakinoÔmenoi apì th sqèsh (4.2.2) kai ton Orismì 3.2.1, gia ènan n m po-
luwnumikì pÐnaka P (z) ìpwc sthn (4.2.1), èna mh mhdenikì pÐnaka B 2 Cnm kai
mia nìrma pÐnaka k  k, proqwrme stouc akìloujouc orismoÔc.
Orismìc 4.2.1. To arijmhtikì pedÐo tou P (z) wc proc ton B, gia kBk  1,
orÐzetai wc to sÔnolo
Wkk(P (z);B) =

 2 C : 0 2 Fkk(P ();B)
	
(4.2.3)
= f 2 C : kP ()  Bk  jj; 8 2 Cg
=
(
 2 C : B ?BBJ P (); B =
pkBk2   1
kBk
)
:
Orismìc 4.2.2. To q arijmhtikì pedÐo tou P (z) wc proc ton B, gia 0  q  1
kai kBk  q, orÐzetai wc to sÔnolo
Wkk(P (z);B; q) =

 2 C : 0 2 Fkk(P ();B; q)
	
(4.2.4)
= f 2 C : kP ()  Bk  qjj; 8 2 Cg
=
(
 2 C : B ?qBJ P (); q =
pkBk2   q2
kBk
)
:
65
Orismìc 4.2.3. To sÔnolo Birkho{James  orjogwniìthtac tou P (z) wc
proc ton B, gia 0   < 1, orÐzetai wc to sÔnolo
W kk(P (z);B) =

 2 C : 0 2 F kk(P ();B)
	
(4.2.5)
=
n
 2 C : kP ()  Bk 
p
1  2 kBk jj; 8 2 C
o
= f 2 C : B ?BJ P ()g : (4.2.6)
H kleistìthta twn tri¸n aut¸n sunìlwn èpetai apì th sunèqeia twn norm¸n
pÐnaka, en¸ gia q = 0, Wkk(P (z);B; 0) = C. Epiplèon, apì touc OrismoÔc
4.2.1, 4.2.2 kai 4.2.3, to Je¸rhma 3.4.4 kai to Pìrisma 3.4.5 epekteÐnontai sthn
perÐptwsh twn poluwnumik¸n pinkwn.
Je¸rhma 4.2.1. 'Estw P (z) ènac n  m poluwnumikìc pÐnakac ìpwc sth
(4.2.1). Gia kje mh mhdenikì B 2 Cnm kai  2 [0; 1), isqÔei
W kk(P (z);B) = Wkk(P (z);B; q) = Wkk(P (z); q
 1
 B);
ìpou q =
p
1  2 kBk. IsodÔnama, gia kje B 2 Cnm kai q 2 (0; 1], me
kBk  q, isqÔei
W
q
kk(P (z);B) = Wkk(P (z);B; q) = Wkk(P (z); q
 1B);
ìpou q =
pkBk2   q2 = kBk.
Pìrisma 4.2.2. Gia kje B 2 Cnm kai q 2 (0; 1], me kBk = q, isqÔei
Wkk(P (z);B; q) = W 0kk(P (z);B) = f 2 C : B ?BJ P (z)g :
AxÐzei na shmei¸soume ìti gia ton prwtobjmio poluwnumikì pÐnaka P (z) =
Bz   A, o Orismìc 3.4.1 kai h (4.2.6) dÐnoun W kk(Bz   A;B) = F kk(A;B).
Epiplèon, an gia èna 0 2 C isqÔei P (0) = 0, tìte mesa prokÔptei ìti 0 2
W kk(P (z);B).
An ìloi oi suntelestèc tou poluwnÔmou P (z) eÐnai pollaplsia tou pÐnaka
B, tìte o poluwnumikìc pÐnakac grfetai sth morf  P (z) = p(z)B gia kpoio
migadikì polu¸numo p(z). 'Ara, gia kje  2 [0; 1), to sÔnolo Birkho{James
 orjogwniìthtac
W kk(p(z)B;B) =
n
 2 C : jp()  j kBk 
p
1  2 kBk jj; 8 2 C
o
perièqei ìlec tic rÐzec tou p(z).
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4.3 Basikèc Idiìthtec tou W kk(P (z);B)
'Opwc kai sthn perÐptwsh twn pinkwn, to sÔnolo  orjogwniìthtacW kk(P (z);B)
eÐnai genÐkeush twn arijmhtik¸n pedÐwn Wkk(P (z);B) kai Wkk(P (z);B; q). Gia
to lìgo autì, sth sunèqeia ja epikentrwjoÔme sth melèth tou sugkekrimènou
sunìlou. Sthn eidik  perÐptwsh twn tetragwnik¸n pinkwn, dhlad  gia n = m,
B = In kai k  k = k  k2, eÐnai profanèc ìti
Wkk2(P (z); In) =

 2 C : 0 2 Fkk2(P (); In)
	
= f 2 C : 0 2 F (P ())g
= W (P (z));
dhlad , o orismìc tou Wkk(P (z);B) apoteleÐ genÐkeush tou orismoÔ tou klasi-
koÔ arijmhtikoÔ pedÐou poluwnumikoÔ pÐnaka W (P (z)). Sth sunèqeia parousi-
zoume tic basikèc idiìthtec tou W kk(P (z);B).
'Estw t¸ra ènac n  m poluwnumikìc pÐnakac P (z) =
lP
j=0
Ajz
j ìpwc sth
(4.2.1), ènac mh mhdenikìc pÐnakac B 2 Cnm, mia nìrma pÐnaka k  k kai èna
 2 [0; 1).
Prìtash 4.3.1. Gia kje  2 Cnf0g,
W kk(P (z);B) = W

kk(P (z);B);
W kk(P (z);B) = 
 1W kk(P (z);B)
kai
W kk(P (z + );B) = W

kk(P (z);B)  :
Apìdeixh. EÔkola epalhjeÔetai ìti
W kk(P (z);B) =

 2 C :
P ()  B
  p1  2 kBk 
 ; 8  2 C

;
W kk(P (z);B) =
n
 1 2 C : kP ()  Bk 
p
1  2 kBk jj; 8 2 C
o
kai
W kk(P (z + );B) =
n
   2 C : kP ()  Bk 
p
1  2 kBk jj; 8 2 C
o
:
H apìdeixh oloklhr¸jhke.
Prìtash 4.3.2. AnR(z) = A0zl+  +Al 1z+Al = zlP (z 1) eÐnai o algebrik
antÐstrofoc poluwnumikìc pÐnakac tou P (z), tìte
W kk(R(z);B)nf0g =

 2 C :  1 2 W kk(P (z);B)nf0g
	
:
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Apìdeixh. 'Ena mh mhdenikì  2 C an kei sto W kk(R(z);B) an kai mìno an
klP ( 1)  Bk 
p
1  2 kBk jj; 8 2 C;
  isodÔnama, an kai mìno anP ( 1)  lB
  p1  2 kBk  l
 ; 8 l 2 C:
H apìdeixh oloklhr¸jhke.
Prìtash 4.3.3. An h nìrma k  k diathreÐtai analloÐwth ktw apì ton suzug 
metasqhmatismì  kai oi suntelestèc tou P (z) kai o pÐnakac B eÐnai ìloi prag-
matikoÐ pÐnakec, tìte to W kk(P (z);B) eÐnai summetrikì wc proc ton pragmatikì
xona.
Apìdeixh. 'Epetai apì tic isìthtec kP () Bk = kP ()  Bk = P ()  B
kai jj = jj (;  2 C).
H epìmenh prìtash eÐnai genÐkeush thc Prìtashc 4.1.1(v).
Prìtash 4.3.4. Upojètoume ìti h nìrma pÐnaka kk epgetai apì dianusmatik 
nìrma. An uprqoun dÔo monadiaÐa dianÔsmata x0 2 Cn kai y0 2 Cm tètoia
¸ste jx0By0j 
p
1  2 kBk kai x0Ajy0 = 0 gia kje j = 0; 1; : : : ; l, tìte
W kk(P (z);B) = C.
Apìdeixh. Gia kje  2 C, isqÔei ìti
kP ()  Bk = kx0k kP ()  Bk ky0k
 kx0P ()y0   (x0By0)k

p
1  2 kBk jj;
gia kje  2 C.
Gia tic idiotimèc enìc poluwnumikoÔ pÐnaka, ìpwc orÐsthkan sthn arq  thc
paragrfou èqoume to epìmeno apotèlesma.
Prìtash 4.3.5. Upojètoume ìti h nìrma pÐnaka k  k epgetai apì dianusma-
tik  nìrma kai n  m. 'Estw epÐshc 0 mia idiotim  tou poluwnumikoÔ pÐ-
naka P (z) kai x0 2 Cn èna monadiaÐo idiodinusm thc. Tìte gia kje  2hpkBk2   kBx0k2 = kBk; 1, h idiotim  0 an kei sto W kk(P (z);B).
Apìdeixh. AfoÔ kBx0k 
p
1  2 kBk, èpetai ìti gia kje  2 C,
kP (0)  Bk kx0k  kP (0)x0   Bx0k
= kBx0k

p
1  2 kBk jj:
H apìdeixh oloklhr¸jhke.
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Gia ènan tetragwnikì poluwnumikì pÐnaka P (z) =
lP
j=0
Ajz
j, eÐnai gnwstì apì
to Je¸rhma 4.1.2 ìti to arijmhtikì pedÐo W (P (z)) eÐnai mh fragmèno an kai
mìno an 0 2 F (Al). H epìmenh prìtash genikeÔei to shmantikì autì apotèlesma
sthn perÐptwsh twn sunìlwn Birkho{James  orjogwniìthtac ìqi upoqrewtik
tetragwnik¸n poluwnumik¸n pinkwn.
Je¸rhma 4.3.6. 'Estw P (z) ènac n  m poluwnumikìc pÐnakac ìpwc sthn
(4.2.1), B 2 Cnm mh mhdenikìc pÐnakac kai  2 [0; 1).
(i) An to W kk(P (z);B) eÐnai mh fragmèno, tìte 0 2 F kk(Al;B).
(ii) 'Estw ìti 0 2 F kk(Al;B) kai to 0 den eÐnai memonwmèno shmeÐo tou qwrÐou
W kk(R(z);B), ìpou R(z) =
lP
j=0
Al jzj = zlP (z 1). Tìte to sÔnolo  
orjogwniìthtac W kk(P (z);B) eÐnai mh fragmèno.
Apìdeixh.
(i) Upojètoume ìti to sÔnolo  orjogwniìthtacW kk(P (z);B) eÐnai mh fragmèno
kai èstw  2 W kk(P (z);B)nf0g. Tìte isqÔei ìtiAll + Al 1l 1 +   + A1+ A0   B  p1  2 kBk jj; 8 2 C;
 
jlj
Al + Al 1 1 +   + A1 1l 1 + A0 1l   lB
  p1  2 kBk jj; 8 2 C;
 Al   lB
+Al 1 1 +   + A1 1l 1 + A0 1l
  p1  2 kBk  l
 ; 8 2 C:
Gia na katal xoume se topo, upojètoume ìti 0 =2 F kk(Al;B),   isodÔnama, ìti
uprqei èna 0 2 C tètoio ¸ste kAl   0Bk <
p
1  2 kBk j0j. AfoÔ ìmwc
upojèsame ìti to sÔnolo W kk(P (z);B) eÐnai mh fragmèno, tìte gia katllhla
meglo  2 W kk(P (z);B), h posìthta
Al 1 1 +   + A1 1l 1 + A0 1l gÐnetai
mikrìterh apì th diafor
p
1  2 kBk j0j   kAl   0Bk. Tìte an jèsoume
 = 0
l èpetai ìtiAl   lB
+ Al 1 1 +   + A1 1l 1 + A0 1l
 < p1  2 kBk  l
 :
To teleutaÐo eÐnai topo.
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(ii)JewroÔme ton algebrik antÐstrofo poluwnumikì pÐnakaR(z) =
lP
j=0
Al jzj =
zlP (z 1) tou P (z). Apì thn Prìtash 4.3.2 isqÔei ìti
W kk(R(z);B)nf0g =

 2 C :  1 2 W kk(P (z);B)nf0g
	
:
AfoÔ ìmwc apì upìjesh 0 2 F kk(Al;B), sunepgetai ìti 0 2 W kk(R(z);B).
Epiplèon, afoÔ to 0 den eÐnai memonwmèno shmeÐo tou W kk(R(z);B), uprqei mia
akoloujÐa fkgk2N  W kk(R(z);B)nf0g pou sugklÐnei sto 0. Autì ìmwc sh-
maÐnei ìti h akoloujÐa f 1k gk2N  W kk(P (z);B) eÐnai mh fragmènh. Epomènwc,
to sÔnolo W kk(P (z);B) eÐnai epÐshc mh fragmèno.
Prèpei na shmei¸soume ìti h sunj kh to 0 na mhn eÐnai memonwmèno shmeÐo
tou W kk(R(z);B) isqÔei pnta sthn perÐptwsh tou klasikoÔ arijmhtikoÔ pedÐ-
ou tetragwnik¸n poluwnumik¸n pinkwn W (P (z)). Autì epibebai¸netai apì to
deÔtero mèroc thc apìdeixhc tou Jewr matoc 2:3 tou [36], tou deÔterou mèroc
tou L mmatoc tou [39] kai tou gegonìtoc ìti o megistobjmioc suntelest c tou
P (z) eÐnai mh mhdenikìc (blèpe epÐshc Je¸rhma 4.1.5).
'Opwc kai sthn perÐptwsh twn stajer¸n pinkwn (Prìtash 3.4.3) kai gia touc
poluwnumikoÔc pÐnakec isqÔei ìti to sÔnolo W kk(P (z);B) mporeÐ na gÐnei ìso
meglo jèloume.
Prìtash 4.3.7. 'Estw P (z) ènac n  m poluwnumikìc pÐnakac ìpwc sth
(4.2.1), B 2 Cnm mh mhdenikìc pÐnakac kai  2 [0; 1). 'Estw epÐshc èna

  C sumpagèc tètoio ¸ste gia kje  2 
, o pÐnakac P () den eÐnai mh
mhdenikì pollaplsio tou pÐnaka B. Tìte uprqei èna 
 2 [0; 1) tètoio ¸ste

  W 
kk(P (z);B).
Apìdeixh. Apì thn Prìtash 3.4.3, èqoume ìti gia kje  2 
, uprqei èna
 2 [0; 1) tètoio ¸ste 0 2 F kk(P ();B),   isodÔnama,  2 W kk(P (z);B). To
teleutaÐo mèroc thc Prìtashc 3.4.3 dÐnei to apotèlesma.
H epìmenh prìtash kai to pìrism thc aforoÔn nn poluwnumikoÔc pÐnakec
P (z) =
lP
j=0
Ajz
j kai th nìrma k  k2.
Prìtash 4.3.8. 'Estw èna 0 2 W (P (z)) kai èstw x0 2 Cn tètoio ¸ste
kx0k2 = 1 kai x0P (0)x0 = 0. Tìte gia kje  2
hpkBk22   jx0Bx0j2 = kBk2; 1,
to 0 an kei sto W kk2(P (z);B).
Apìdeixh. AfoÔ jx0Bx0j 
p
1  2 kBk2, èpetai mesa ìti gia kje  2 C,
kP (0)  Bk2  kx0(P (0)  B)x0k2 = jj jx0Bx0j 
p
1  2 kBk2jj
kai h apìdeixh oloklhr¸jhke.
Pìrisma 4.3.9. Gia kje  2 [0; 1) tètoio ¸ste to eswterikì tou kleistoÔ
dÐskou D(0;p1  2 kBk2) èqei ken  tom  me to arijmhtikì pedÐo F (B) tou B,
isqÔei ìti W (P (z))  W kk2(P (z);B).
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4.4 SÔnoro kai Eswterikì
'Ena shmeÐo  tou klasikoÔ arijmhtikoÔ pedÐou poluwnumikoÔ pÐnaka W (P (z))
kai oi idiìthtèc tou, eÐnai mesa sundedemèna me to 0 kai tic antÐstoiqec idiìthtèc
tou wc shmeÐo tou F (P ()). To paraktw je¸rhma apoteleÐ genÐkeush gnwst¸n
jewrhmtwn gia to sÔnoro tou W (P (z)).
Je¸rhma 4.4.1. 'Estw P (z) ènac n  m poluwnumikìc pÐnakac ìpwc sth
(4.2.1), B 2 Cnm mh mhdenikìc pÐnakac,  2 [0; 1) kai 0 2 W kk(P (z);B).
(i) An 0 2 @W kk(P (z);B), tìte 0 2 @F kk(P (0);B).
(ii) An 0 2 @F kk(P (0);B)nF kk(P 0(0);B) kai P (0) 6= 0, tìte to shmeÐo 0
an kei sto sÔnoro @W kk(P (z);B).
Apìdeixh.
(i) AfoÔ 0 2 W kk(P (z);B), èpetai ìti 0 2 F kk(P (0);B). Upojètoume gia
topo ìti to 0 an kei sto eswterikì tou F kk(P (0);B), Int[F

kk(P (0);B)].
Tìte apì thn Prìtash 3.7.7 (ii), uprqei èna  > 0 tètoio ¸ste
inf
2C
n
kP (0)  Bk  
p
1  2 kBk j0   j
o
> :
Epomènwc,
kP (0)  Bk    >
p
1  2 kBk jj; 8 2 C:
AnalÔontac kat Taylor to polu¸numo P (z) gÔrw apì to 0, èqoume
P (z) = P (0) + (z   0)P 0(0) + (z   0)E(z; 0); (4.4.1)
ìpou kE(z; 0)k = o(1) kaj¸c jz   0j ! 0. Sunep¸c, uprqei pragmatikìc
r > 0 tètoioc ¸ste gia kje  2 D(0; r), j   0j kP 0(0) + E(; 0)k  .
Sunep¸c, gia kje  2 D(0; r), isqÔei ìti
kP (0)  Bk   j  0j kP 0(0) + E(; 0)k >
p
1  2 kBk jj; 8 2 C;
 
kP (0)+( 0)P 0(0)+( 0)E(; 0) Bk >
p
1  2 kBk jj; 8 2 C;
 
kP ()  Bk >
p
1  2 kBk jj; 8 2 C:
Dhlad , to 0 eÐnai eswterikì shmeÐo tou W kk(P (z);B), to opoÐo eÐnai topo
afoÔ 0 2 @W kk(P (z);B), apì upìjesh. Epomènwc, to 0 eÐnai sunoriakì shmeÐo
tou F kk(P ();B).
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(ii) Gia na katal xoume se topo, upojètoume ìti 0 2 Int[W kk(P (z);B)]. Epo-
mènwc, uprqei  > 0 tètoio ¸ste D(0; )  Int[W kk(P (z);B)]. Apì th sqèsh
(4.4.1) kai thn upìjesh ìti 0 =2 F kk(P 0(0);B), uprqei ènac migadikìc 1 2 C
tètoioc ¸ste kP 0(0)   1Bk <
p
1  2 kBk j1j. Epilègontac katllhla mi-
krì , mporoÔme na upojèsoume ìti gia kje  ston kleistì kuklikì daktÔlio
D(0; ; =2) = f 2 C : =2  j  0j  g, isqÔei ìti
kE(; 0)k+ kP 0(0)  1Bk <
p
1  2 kBk j1j;
 
k(  0)P 0(0) + (  0)E(; 0)  (  0)1Bk <
p
1  2 kBk j1j j  0j:
Sunep¸c, mporoÔme na orÐsoume
 = min
2D(0;;=2)
n
j  0j
p
1  2 kBk j1j   kP 0(0) + E(; 0)  1Bk
o
> 0:
AfoÔ ìmwc 0 2 @F kk(P (0);B), apì thn Prìtash 3.7.7 (ii) èpetai ìti uprqei
èna 0 2 C tètoio ¸ste na isqÔei
kP (0)  0Bk <
p
1  2 kBk j0j+ :
'Epetai loipìn ìti gia kje  2 D(0; ; =2),
kP (0)  0Bk <
p
1  2 kBk j0j+
+j  0j
p
1  2 kBk j1j   kP 0(0) + E(; 0)  1Bk

;
 
kP ()  (0 + 1(  0))Bk <
p
1  2 kBk (j0j+ j1(  0)j):
ParathroÔme ìmwc ìti oi arijmoÐ 0 kai 1 den exart¸ntai apì to  kai epomènwc,
mporoÔme na epilèxoume èna ^ 2 D(0; ; =2) tètoio ¸ste arg(1(^   0)) =
arg(0). Tìte èqoume
kP (^)  (0 + 1(^  0))Bk <
p
1  2 kBk j0 + 1(^  0)j ;
ra ^ =2 W kk(P (z);B), to opoÐo eÐnai topo.
Apì th sqèsh (4.4.4), thn Prìtash 3.4.1 kai to Je¸rhma 4.4.1 (i) prokÔptei
to epìmeno apotèlesma.
Prìtash 4.4.2. 'Estw P (z) ènac nm poluwnumikìc pÐnakac ìpwc sth sqèsh
(4.2.1), B 2 Cnm mh mhdenikìc pÐnakac kai 0  1 < 2 < 1. Tìte isqÔei
W 1kk(P (z);B)  W 2kk(P (z);B) kai gia kje  2 W 1kk(P (z);B) tètoio ¸ste na
isqÔei P () 6= 0, èqoume ìti to  an kei sto eswterikì tou W 2kk(P (z);B).
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Apìdeixh. Gia kje  2 W 1kk(P (z);B), 0 2 F 1kk(P ();B)  F 2kk(P ();B) kai
epomènwc,  2 W 2kk(P (z);B). Epiplèon, an  2 W 1kk(P (z);B) me P () 6= 0, tìte
o pÐnakac P () de mporeÐ na eÐnai bajmwtì pollaplsio tou B kai h Prìtash
3.4.1 dÐnei ìti to 0 an kei sto eswterikì tou F 2kk(P ();B). Epomènwc, apì to
Je¸rhma 4.4.1 (i), to  eÐnai eswterikì shmeÐo tou W 2kk(P (z);B).
Pìrisma 4.4.3. Gia kje b 2 C,  2 [0; 1) kai q 2 (0; 1], èqoume ìti
W kk(P (z); bB) = W

kk(P (z);B)
kai
Wkk(P (z); bB; q) = ( ;  ) Wkk(P (z);B; q)
an jbj = (> ; < ) 1.
Apìdeixh. AfoÔ h Birkho{James  orjogwniìthta eÐnai omogen c,
W kk(P (z); bB) = f 2 C : bB ?BJ P ()g = f 2 C : B ?BJ P ()g :
Epiplèon,
Wkk(P (z); bB; q) =
(
 2 C : bB ?BJ P ();  =
pjbj2kBk2   q2
jbj kBk
)
=
(
 2 C : B ?BJ P ();  =
pkBk2   q2=jbj2
kBk
)
:
H apìdeixh oloklhr¸netai apì thn Prìtash 4.4.2.
Pìrisma 4.4.4. Upojètoume ìti h nìrma pÐnaka k  k epgetai apì dianusma-
tik  nìrma kai èstw x0 2 Cn kai y0 2 Cm dÔo monadiaÐa dianÔsmata tètoia
¸ste jx0By0j = kBk. Tìte gia kje  2 [0; 1), to sÔnolo Birkho{James  
orjogwniìthtac W kk(P (z);B) perièqei ìlec tic rÐzec tou migadikoÔ poluwnÔmou
x0P (z)y0 = x

0Aly0z
l+   +x0A1y0z+x0A0y0. Epiplèon, gia kje  2 C tètoio
¸ste P () 6= 0 kai x0P ()y0 = 0, isqÔei ìti  2 Int[W kk(P (z);B)] gia kje
 2 (0; 1).
Apìdeixh. 'Estw 0 2 C mia rÐza tou migadikoÔ poluwnÔmou x0P (z)y0. Tìte gia
kje  2 C, kP (0)  Bk  kx0 [P (0)  B] y0k  kBk jj. Epomènwc, to 0
an kei sto W 0kk(P (z);B) kai h Prìtash 4.4.2 oloklhr¸nei thn apìdeixh.
To epìmeno apotèlesma eÐnai kat kpoio trìpo sumplhrwmatikì thc Prìta-
shc 4.4.2 kai dÐnei mia ikan  sunj kh gia thn emfnish memonomènwn shmeÐwn tou
W kk(P (z);B).
Prìtash 4.4.5. 'Estw P (z) ènac n  m poluwnumikìc pÐnakac ìpwc sthn
sqèsh (4.2.1), èstw B 2 Cnm mh mhdenikìc kai 0   < 1. An uprqei 0 2 C
tètoio ¸ste P (0) = 0 kai 0 =2 F kk(P 0(0);B), tìte to 0 eÐnai memonwmèno
shmeÐo tou W kk(P (z);B).
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Apìdeixh. 'Opwc kai sthn apìdeixh tou Jewr matoc 4.4.1 (blèpe th sqèsh (4:4:1)),
èqoume
P (z) = P (0) + (z   0)P 0(0) + (z   0)E(z; 0);
ìpou P (0) = 0 kai kE(z; 0)k = o(1) kaj¸c jz   0j ! 0. AfoÔ ìmwc apì
upìjesh èqoume ìti 0 =2 F kk(P 0(0);B), èpetai ìti uprqei èna 0 2 C tètoio
¸ste kP 0(0)   0Bk <
p
1  2 kBk j0j kai epilègontac èna  > 0 katllhla
mikrì, upojètoume ìti gia kje  2 D(0; )nf0g, isqÔei
kE(; 0)k+ kP 0(0)  0Bk <
p
1  2 kBk j0j;
 
k(  0)P 0(0) + (  0)E(; 0)  (  0)0Bk <
p
1  2 kBk j0j j  0j;
 
kP ()  0(  0)Bk <
p
1  2 kBk j0(  0)j:
Sunep¸c, W kk(P (z);B) \ D(0; ) = f0g, ra to 0 eÐnai memonwmèno shmeÐo
tou W kk(P (z);B).
'Estw t¸ra ènac n  m poluwnumikìc pÐnakac P (z) =
lP
j=0
Ajz
j ìpwc sthn
(4.2.1). 'Estw epÐshc mia nìrma pÐnaka k  k gia thn opoÐa sto upìloipo thc
paragrfou ja jewroÔme ìti epgetai apì eswterikì ginìmeno pinkwn. Tìte
apì thn (4.2.6) kai to L mma 1.3.1, èqoume
W kk(P (z);B) = f 2 C : B ?BJ P ()g
= f 2 C : B ? P ()g
= f 2 C : jhP (); Bij   kBk kP ()kg : (4.4.2)
Blèpoume loipìn ìti sthn perÐptwsh pou h nìrma pou qrhsimopoioÔme gia
na orÐsoume to sÔnolo Birkhof{James  orjogwniìthtac poluwnumikoÔ pÐnaka
epgetai apì eswterikì ginìmeno, èqoume ènan enallaktikì orismì tou sunìlou
autoÔ, o opoÐoc dìjhke apì th sqèsh (4.4.2).
Sunep¸c, bsei tou orismoÔ autoÔ, èqoume
W kk(P (z);B) =

 2 C : jhP (); Bij2  2kBk2kP ()k2	
=

 2 C : hP (); BihB;P ()i  2kBk2hP (); P ()i	
=
(
 2 C : h
lX
j=0
Aj
j; BihB;
lX
j=0
Aj
ji  2kBk2h
lX
j=0
Aj
j;
lX
j=0
Aj
ji
)
=
(
 2 C :
lX
i;j=0
hAi; BihB;Ajiij   2kBk2
lX
i;j=0
hAi; Ajiij  0
)
:
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Jètontac  = u+ i v (u; v 2 R), h sunrthsh
p(u; v) =
lX
i;j=0
hAi; BihB;Aji(u+iv)i(u i v)j 2kBk2
lX
i;j=0
hAi; Aji(u+i v)i(u i v)j
eÐnai èna polu¸numo twn pragmatik¸n metablht¸n u; v 2 R, sunolikoÔ bajmoÔ
2l, me pragmatikoÔc suntelestèc. Epomènwc, to sÔnoro @W kk(P (z);B) an kei
sthn algebrik  kampÔlh
fu+ iv 2 C : p(u; v) = 0; u; v 2 Rg :
Epiplèon, gia  = 0, apì th sqèsh (4.4.2) prokÔptei ìti
W 0kk(P (z);B) =

 2 C : hAl; Bil +   + hA1; Bi+ hA0; Bi = 0
	
: (4.4.3)
Sunep¸c, apì thn Prìtash 4.4.2 èpetai to epìmeno apotèlesma to opoÐo eÐnai
parìmoio me to Pìrisma 4.4.4.
Pìrisma 4.4.6. Gia kje  2 [0; 1), ìlec oi rÐzec tou migadikoÔ poluwnÔmou
hP (z); Bi = hAl; Bizl +   + hA1; Biz + hA0; Bi an koun sto sÔnolo Birkho{
James  orjogwniìthtac W kk(P (z);B). Epiplèon, gia kje  2 C gia to opoÐo
isqÔei P () 6= 0 kai hP (); Bi = 0, èqoume ìti  2 Int[W kk(P (z);B)] gia kje
 2 (0; 1).
Ta parapnw epitrèpoun th dhmiourgÐa ken¸n sunìlwn  orjogwniìthtac
poluwnumik¸n pinkwn. Sugkekrimèna, an hAj; Bi = 0 (j = 1; 2; : : : ; l) kai
hA0; Bi 6= 0, tìte to polu¸numo hP (z); Bi = hA0; Bi eÐnai stajerì kai mh mh-
denikì. Sunep¸c, apì th sqèsh (4.4.3), W 0kk(P (z);B) = ;. Sthn eidik  aut 
perÐptwsh, mporoÔme epÐshc na poÔme ìti W 0kk(P (z);B) = f1g, afoÔ to sÔno-
lo Birkho{James  orjogwniìthtac tou algebrik antistrìfou poluwnumikoÔ
pÐnaka R(z) =
lP
j=0
Al jzj, W 0kk(R(z);B) =

 2 C : hA0; Bil = 0
	
, sumpÐptei
me thn arq  twn axìnwn. Autì eÐnai sumbatì me thn Prìtash 4.3.2, to Je¸rhma
4.3.6 kai to gegonìc ìti gia kje  2 (0; 1), to qwrÐo
W kk(P (z);B) = f 2 C : jhA0; Bij   kBk kP ()kg
eÐnai mh fragmèno kai perièqei èna sÔnolo thc morf c fz 2 C : jzj  rg gia
kpoio pragmatikì arijmì r > 0.
Sto epìmeno pardeigma jewroÔme ènan 3  2 poluwnumikì pÐnaka deutèrou
bajmoÔ
P (z) =
24 1 00 1
0 0:8
35 z2 +
24 1 i0  1
0:5 0:1
35 z +
24 2 13 1
 0:1 0
35 :
JewroÔme epÐshc ton algebrik antÐstrofo poluwnumikì pÐnaka
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Sq ma 4.1: Ta sÔnola Birkho{James  orjogwniìthtac tou P (z) (arister)
kai tou R(z) (dexi).
R(z) =
24 2 13 1
 0:1 0
35 z2 +
24 1 i0  1
0:5 0:1
35 z +
24 1 00 1
0 0:8
35
kai ton pÐnaka
B =
24 0:6 00 0:9
0 0:2
35 :
Gia th nìrma Frobenius, efarmìzontac thn sqèsh (4.4.2), sqedisame ta sÔno-
ra twn sunìlwn  orjogwniìthtacW kkF (P (z);B),  = 0:3; 0:5; 0:7; 0:85; 0:9; 0:93
kai W kkF (R(z);B),  = 0:4; 0:46; 0:48; 0:5, sto aristerì kai sto dexiì mèroc tou
Sq matoc 4.1, antÐstoiqa. ParathroÔme ìti to sÔnolo W 0:5kkF (R(z);B) eÐnai to
migadikì epÐpedo exairoumènou tou lhmnÐskou pou perièqei thn arq  twn axì-
nwn. Ta sÔnola W kkF (P (z);B) kai W

kkF (R(z);B) gÐnontai mh fragmèna ìtan
 = 0:9288 kai  = 0:4928, antÐstoiqa kai h arq  twn axìnwn mpaÐnei sta sÔ-
nola Birkho{James  orjogwniìthtac twn antÐstoiqwn megistobjmiwn sunte-
lest¸n, epibebai¸nontac to Je¸rhma 4.3.6. Oi Protseic 4.3.2, 4.3.7 kai 4.4.2
profan¸c epibebai¸nontai kai autèc. Epiplèon, oi rÐzec 0:0843 i 1:1216 tou po-
luwnÔmou hP (z); Bi = 1:66z2  0:28z +2:1 an koun sto sÔnolo W kkF (P (z);B)
kai oi rÐzec 0:0667 i 0:8866 tou poluwnÔmou hR(z); Bi = 2:1z2   0:28z + 1:66
an koun sto W kkF (R(z);B), epibebai¸nontac to Pìrisma 4.4.6.
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Parrthma: PerÐlhyh sthn Agglik 
English Summary
1. Introduction
In this thesis, we try to generalize the notion of the numerical range (also known
as eld of values) of a square matrix, to that of a numerical range for rectangular
matrices.
For a matrix A 2 Cnn, the numerical range of A is the set
F (A) = fxAx 2 C : x 2 Cn; xx = 1g :
The numerical range of a square matrix (or an operator) and its related notions,
have been a topic of extended research for the last ninty years, especially since
the celebrated Toeplitz-Hausdor theorem was obtained, in 1918 [23, 50]. Some
of its basic properies are given below:
Proposition 1. If A 2 Cnn, then
 F (A) is a convex and compact subset of C,
 F (aA+b In) = aF (A)+b , for any a; b 2 C , where In is the nn identity
matrix,
 F (H(A)) = RefF (A)g and F (S(A)) = ImfF (A)g, where
H(A) =
A+ A
2
and S(A) =
A  A
2
;
 (A)  F (A), where (A) is the spectrum of A,
 F (A+B)  F (A) + F (B), for any B 2 Cnn,
 F (UAU) = F (A), for any unitary U 2 Cnn,
 F (A^)  F (A), for any principal submatrix A^ of A,
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 F (A) = Cof(A)g, when A is normal,
 If B 2 Cmm, then F (AB) = CofF (A) [ F (B)g
 the following are equivalent:
(i) Re fx0Ax0g = maxfRefag : a 2 F (A)g,
(ii) x0H(A)x0 = maxfh : h 2 F (H(A))g,
(iii) H(A)x0 = max(H(A)),
 Every corner 0 of @F (A) is an eigenvalue of A,
 F (A) = Cof(A)g if and only if A is normal or unitarily similar to a
matrix of the form

A1 0
0 A2

, where A1 is normal and F (A2)  F (A1).
Stampi and Williams [46], and later Bonsall and Duncan [9], proved that
the numerical range can be expressed as an intersection of closed discs, in the
form
F (A) = f 2 C : kA  Ink2  j  j; 8 2 Cg:
This denition of the numerical range which is based only on the norm and not
on the inner product, will be our main tool in our eort to expand this topic to
the case of rectangular matrices.
2. An Inverse Problem for the Numerical Range
Let A 2 Cnn. Given a point  2 F (A); we call a unit vector x 2 Cn
with  = xAx, a generating vector for . In 2008, Uhlig [51] posed the
inverse numerical range (eld of values) problem: given an interior point  of
F (A), determine a generating vector x of . Uhlig also proposed an algorithm
for solving this inverse problem [51], and so did Carden [10] in 2009. Here
we propose a new algorithm for solving this problem, which is based on the
most trivial properties of the eld of values. First, we present the following
proposition [26] that will be needed in the sequel.
Proposition 2. Let A 2 Cnn be a matrix whose numerical range F (A) is not
a singleton, and let a and c be two real axis points of F (A) with a < 0 < c.
Suppose that xa; xc 2 Cn are two unit vectors that generate xaAxa = a and
xcAxc = c.
(a) For x(t; #) = ei#xa + t xc 2 Cn, (#) = e i#xaAxc + ei#xcAxa and t; # 2
R; we have x(t; #)Ax(t; #) = c t2 + () t + a and ( #) 2 R when
# = arg(xcAxa   xTaAxc).
(b) For t1 =

 ( ') +p( ')2   4 a c =(2 c); we have
x(t1; ') 6= 0 and x(t1; ')

kx(t1; ')k2 A
x(t1; ')
kx(t1; ')k2 = 0:
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For A 2 Cnn and  an interior point of F (A), we replace the problem of
nding a unit vector x 2 Cn with xAx =  (= x In x) with the equivalent
problem
x(A   In)x = 0:
Thus, without loss of generality, we assume that  = 0 and look for a unit
vector x0 such that x

0Ax0 = 0; i.e., we simply replace A by A  In if  6= 0.
First, we construct up to four @F (A) points pi and their generating unit
vectors xi (i = 1; 2; 3; 4), by computing the extreme eigenvalues with associated
unit eigenvectors xi for H(A) = (A+A
)=2 and K(A) = (A A)=2. By setting
pi = x

iAxi; we obtain four F (A) points pi that mark the extreme horizontal and
vertical extensions of F (A). These we denote by rM and rm for the maximal
and minimal horizontal extension F (A) points, respectively, and likewise by iM
and im for the extreme vertical F (A) points. If any one of these lies within
10 13 of zero in absolute terms, then we accept the corresponding unit vector
as the desired generating vector. If, on the other hand, one of the hermitian
matrices H(A) and iK(A) is found to be denite during the eigenanalyses, then
we stop knowing that  =2 F (A).
Next we determine the real axis intersections of the great circle ellipses that
pass through each feasible pair of our computed @F (A) points pi = x
Ax,
pj = y
Ay. Here, a feasible pair refers to their imaginary parts having opposite
signs. If among these there are real axis points on both sides of zero, then we
compute a generating unit vector for 0 2 F (A) by using Proposition 2, and
the inverse problem is solved. Otherwise, we study the quadratic expression
whose zeros determine the coordinate axes F (A) points on the ellipses through
the points xAx; yAy 2 @F (A) and that are generated by the points in Cn
on the great circle through x and y. It is
(t x+ (1  t) y)A (t x+ (1  t) y) = (xAx+ yAy   (xAy + yAx)) t2
+ ( 2 yAy + (xAy + yAx)) t+ yAy:
This is a quadratic polynomial equation over the complex numbers, and we are
interested only in the solutions whose imaginary parts are equal to zero in order
to apply Proposition 2 if possible. Setting the imaginary part of the above
expression equal to zero, leads to the following polynomial equation with real
coecients:
t2 + g t+
p
f
= 0
for q = ImfxAxg, p = ImfyAyg and r = ImfxAy + yAxg; so that
f = p+ q  r and g = (r  2 p)=f . The last equation has two real solutions ti,
i = 1; 2; and these supply two generating vectors xi = ti x+(1  ti) y (i = 1; 2)
for two real axis points. Normalization then gives two unit vector generators as
desired.
If none of the feasible ellipses gives us two real axis numerical range points
to either side of zero initially, then we check whether their collective set does.
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If not, we compute more eigenanalyses for A() = cos()H(A) + sin() iK(A)
with angles  other than  = 0 and  = =2 as done at start-up with H(A)
and iK(A), respectively. If, for example, all original ellipses intersect the real
axis to the right of zero and Imfrmg < 0; then we bisect the third quadrant
and compute the largest eigenvalue and associated eigenvector xnew of A(3=4)
to nd a @F (A) point that lies between iM and rm. If this point lies below
the real axis, then we check the ellipse intersections of the great circle images
through the generating vector of iM and xnew, otherwise we do the same for
the generator of rm and xnew. Thus, we proceed by angle bisection until we
encounter a denite matrix A() indicating that  =2 F (A); or an ellipse that
intersects the real axis to the left of zero and we can solve the inverse problem by
using Proposition 2. The number of iterations by angle bisection has generally
been low, normally below 4 and possibly up into the teens only when zero lies
within 10 13 of the boundary @F (A) in absolute terms.
3. Birkho{James {Orthogonality Sets
In the introduction, we have seen an alternative denition for the numerical
range of a square matrix which is only based on the norm k  k2. That is,
F (A) = f 2 C : kA  Ink2  j  j; 8 2 Cg:
Motivated by this, we introduce a numerical range for rectangular matrices,
whose denition is again solely based on the notion of a matrix norm kk rather
than that of the inner product.
Denition 1. Let A;B 2 Cnm and k  k a matrix norm. We dene the nume-
rical range of the matrix A with respect to the matrix B to be the set
Fkk(A;B) = f 2 C : kA  Bk  j  j; 8 2 Cg
=
\
2C
D(; kA  Bk);
where D(; ) denotes the (circular) closed disc centered at  and with radius
  0.
For the remainder it is necessary to recall that, for two elements u and v of
a (complex) normed linear space, u is said to be Birkho{James orthogonal to
v, denoted by u ?BJ v, if ku+ vk  kuk for all  2 C. Furthermore, u is said
to be Birkho{James {orthogonal to v, denoted by u ?BJ v, if ku + vk p
1  2kuk for all  2 C
Theorem 3. Let A;B 2 Cnm, with kBk = 1. Then it holds,
Fkk(A;B) = f 2 C : B ?BJ (A  B)g:
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Corollary 4. For any A;B 2 Cnm, Fkk(A;B) is nonempty if and only if
kBk  1.
It must be noted that Fkk(A;B) is allways compact and convex, when it
is non-empty, as an inite intersection of closed discs. A question that could
easily arise concerns the use of the matrix B in the denition above instead
of a \generalized" form of the identity matrix, say In;m =

Im
0

. Note that
without loss of generality we have assumed that n > m. In order to present
an answer that will suce for the question posed, we have the folowing three
results.
Proposition 5. For any nm (n > m) matrix A =

A1
A2

with A1 2 Cmm
and A2 2 C(n m)m, it holds that
F (A1) =
\
M2Cn(n m)
F ([A M ]) :
Proposition 6. Let A =

A1
A2

with A1 2 Cmm and A2 2 C(n m)m. If
 2 F (A1), then
F (A1) =
\
2[0;2]
F

A1 e
iA2
A2 In m

:
Theorem 7. For any n  m (n > m) matrix A =

A1
A2

with A1 2 Cmm
and A2 2 C(n m)m, it holds that Fkk2(A; In;m) = F (A1).
So, the use of In;m in the denition gives us the eld of values of a principal
submatrix of A, which is a trivial and not interesting case.
As mentioned above, Fkk(A;B) = f 2 C : B ?BJ (A   B)g. But what
happens when kBk > 1? One can easily verify that for  = B =
p
kBk2 1
kBk , we
have
Fkk(A;B) = f 2 C : kA  (  )Bk  jj; 8 2 Cg
=

 2 C : k(A  B) +Bk 
q
1  2B kBk; 8 2 C

= f 2 C : B ?BBJ (A  B)g :
Denition 2. Let A;B 2 Cnm with B 6= 0, k  k a matrix norm and  2 [0; 1).
The Birkho{James {orthogonality set of the matrix A with respect to the
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matrix B, is dened to be the set
F kk(A;B) = f 2 C : B ?BJ (A  B)g
=
n
 2 C : kA  Bk 
p
1  2 kBk j  j; 8 2 C
o
=
\
2C
D

;
kA  Bkp
1  2 kBk

:
For this new, convex and compact set, we have proven the following results
and properties.
Proposition 8. Let A;B 2 Cnm with B 6= 0, and 0  1 < 2 < 1. If the
matrix A is not a scalar multiple of B, then F 1kk(A;B)  F 2kk(A;B), and in
particular, F 1kk(A;B) lies in the interior of F
2
kk(A;B).
Corollary 9. Suppose A;B 2 Cnm such that B 6= 0 and A is not a scalar
multiple of B. Then for every  2 (0; 1), the -orthogonality set F kk(A;B) has a
nonempty interior, and it cannot be degenerated to a singleton or a line segment.
Proposition 10. Suppose A;B 2 Cnm such that B 6= 0 and A is not a scalar
multiple of B. Then for any bounded region 
  C, there is an 
 2 [0; 1) such
that 
  F 
kk(A;B).
Proposition 11. Suppose A;B 2 Cnm such that B 6= 0. If A = bB for
some b 2 C, then F kk(bB;B) = fbg. The converse is not true in general; for
example, if the matrix norm k  k is induced by an inner product of matrices,
then F 0kk(A;B) is always a singleton (see Proposition 16 below).
Proposition 12. Suppose A;B 2 Cnm such that B 6= 0. For any scalars
a; b 2 C, it holds that F kk(aA+ bB;B) = aF kk(A;B) + b.
Proposition 13. If A 6= 0, then
 1 2 C :  2 F kk(A;B); jj  kAk=kBk
	  F kk(B;A):
Proposition 14. It holds that
Int[F kk(A;B)] 
n
 2 C : kA  Bk >
p
1  2 kBk j  j; 8 2 C
o
;
where Int[  ] denotes the interior of a set.
Proposition 15. Suppose that f : (Cn1m1 ; k  k)! (Cn2m2 ; jk  jk) is a linear
map such that jkf(M)jk = ( ;  ) kMk for every M 2 Cn1m1. Then for any
A;B 2 Cn1m1, F jkjk(f(A); f(B)) = ( ;  ) F kk(A;B).
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Proposition 16. If the matrix norm k  k is induced by the inner product of
matrices h; i (this is the case of the Frobenius norm k  kF ), then
F kk(A;B) = D
hA;Bi
kBk2 ;
A  hA;BikBk2 B
 p1  2 kBk

:
Recall that the Hausdor metric H , between two compact sets 
1;
2 is
H(
1;
2) = max

max
a2
1
min
b2
2
d(a; b);max
b2
2
min
a2
1
d(a; b)

:
Lemma 17. Let A;B 2 Cnm,  2 [0; 1) and the matrix A is not a scalar
multiple of B. The for every  > 0 there are 1; 2; : : : ; k such that
H
 
k\
i=1
D

i;
kA  iBkp
1  2 kBk

; F kk(A;B)
!
 :
Proposition 18. Let A;B 2 Cnm,  2 [0; 1) and the matrix A is not a scalar
multiple of B. Then the mapping
A 7! F kk(A;B)
is upper semi-continuous with respect to the Hausdor metric.
Proposition 19. Let A;B 2 Cnm and the matrix A is not a scalar multiple
of B. Then the mapping
 7! F kk(A;B);
for  2 [0; 1), is continuous with respect to the Hausdor metric.
Proposition 20. Suppose A;B 2 Cnm such that B 6= 0. Suppose the matrix
norm k  k is induced by a vector norm (acting on Cn and Cm) and n  m,
and let 0 2 C be an eigenvalue of A with respect to B, with an associate
unit eigenvector x0 2 Cm; that is, (A   0B)x0 = 0. Then for every  2hpkBk2   kBx0k2 = kBk; 1, 0 lies in F kk(A;B).
Corollary 21. Suppose A;B 2 Cnm such that B 6= 0 and B is invertible.
Suppose that the matrix norm k  k is induced by a vector norm (acting on Cn
and Cm) and n  m. of A with respect to B. If kBk  1 and kB 1k  1, then
all the eigenvalues of A with respect to B belong to F Bkk(A;B)
If the matrix B is invertible then an eigenvalue of A with respect to B is
said to be a normal eigenvalue if it is a normal eigenvalue of the matrix B 1A.
Corollary 22. Suppose A;B 2 Cnm such that B 6= 0 and B is invertible.
Let  be an eigenvalue of of A with respect to B such that  2 @F Bkk(A;B). If
kB 1k  1 then,  is a normal eigenvalue of A with respect to B.
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Corollary 23. Suppose A;B 2 Cnm such that B 6= 0, the matrix A is not a
scalar multiple of B and  2 [0; 1). Let  be an eigenvalue of of A with respect
to B such that  2 @F Bkk(A;B). Then for every unit eigenvector x0 2 Cm of ,
it holds that
 2
h
0;
p
kBk2   kBx0k2 = kBk
i
:
Proposition 24. Suppose the matrix norm kk is induced by a vector norm. Let
 2 [0; 1), and let A;B be two n n matrices with B invertible and kB 1k 1 p
1  2 kBk. Then for any point  =2 F kk(A;B), the distance d(; F kk(A;B))
from  to F kk(A;B) satises
d(; F kk(A;B)) 
1p
1  2 kBk k(A  B) 1k :
Proposition 25. Let A;B 2 Cmn with B 6= 0,  2 [0; 1), and 0 2 F kk(A;B).
(i) The point 0 lies on the boundary @F kk(A;B) if and only if
inf
2C
n
kA  Bk  
p
1  2 kBk j0   j
o
= 0:
(ii) If  > 0, then 0 2 @F kk(A;B) if and only if
min
2C
n
kA  Bk  
p
1  2 kBk j0   j
o
= 0;
i.e., if and only if there is a 0 2 C such that
kA  0Bk =
p
1  2 kBk j0   0j:
Corollary 26. If  2 (0; 1), then the boundary @F kk(A;B) does not have any
at portions
Suppose that the matrices A;B 2 Cnm (n  m) are diagonal, i.e., all
their o-diagonal entries are zero, and denote A = diagfa1; a2; : : : ; amg and
B = diagfb1; b2; : : : ; bmg. Assume also that all the diagonal entries of B are
nonzero. Then the ratios a1=b1; a2=b2; : : : ; am=bm are the eigenvalues of A with
respect to B, with corresponding eigenvectors the vectors of the standard basis
of Cm.
Corollary 27. Let A = diagfa1; a2; : : : ; amg and B = diagfb1; b2; : : : ; bmg be
n  m (n  m) diagonal matrices with bi 6= 0 (i = 1; 2; : : : ;m). Then every
eigenvalue ai=bi 2 (A;B) with jbij  1 lies in F Bkk(A;B).
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Proposition 28. Denote by kkd a matrix norm such that for any nm (n  m)
diagonal matrix D = diagfd1; d2; : : : ; dmg, kDkd = max fjdjj : j = 1; 2; : : : ;mg.
Let A = diagfa1; a2; : : : ; amg and B = diagfb1; b2; : : : ; bmg be two n  m
(n  m) diagonal matrices. If jb1j = jb2j =    = jbmj = 1; then the numerical
range Fkkd(A;B) coincides with the convex hull of the eigenvalues of A with
respect to B, a1=b1; a2=b2; : : : ; am=bm.
4. Birkho{James {Orthogonality Sets of Matrix Polynomials
Consider an nm matrix polynomial
P (z) = Alz
l + Al 1zl 1 +   + A1z + A0;
where z is a complex variable and Aj 2 Cnm (j = 0; 1; : : : ; l), with Al 6= 0. If
n  m, then a scalar 0 2 C is said to be an eigenvalue of P (z), if P (0)x0 = 0
for some nonzero vector x0 2 Cm. This vector x0 is called an eigenvector of
P (z) corresponding to 0.
We expand the notion of the Birkho{James {orthogonality sets to that of
the Birkho{James {orthogonality sets of matrix polynomials.
Denition 3. The Birkho-James {orthogonality set of P (z) with respect to
B (0   < 1) is
W kk(P (z);B) =

 2 C : 0 2 F kk(P ();B)
	
=
n
 2 C : kP ()  Bk 
p
1  2 kBk jj; 8 2 C
o
= f 2 C : B ?BJ P ()g : (4.4.4)
For this set of matrix polynomials we have proven the following.
Proposition 29. The following hold:
(i) For any scalar  2 Cnf0g, W kk(P (z);B) = W kk(P (z);B), W kk(P (z);B) =
 1W kk(P (z);B) and W

kk(P (z + );B) = W

kk(P (z);B)  .
(ii) If R(z) = A0zl+   +Al 1z+Al = zlP (z 1) is the reverse matrix polyno-
mial of P (z), thenW kk(R(z);B)nf0g =
n
 2 C :  1 2 W kk(P (z);B)nf0g
o
.
(iii) If the norm k  k is invariant under the conjugate operation  , and the
coecients of P (z) and B are all real matrices, then W kk(P (z);B) is
symmetric with respect to the real axis.
(iv) Suppose the matrix norm k  k is induced by a vector norm. If there exist
two unit vectors x0 2 Cn and y0 2 Cm such that jx0By0j 
p
1  2 kBk,
and x0Ajy0 = 0 for every j = 0; 1; : : : ; l, then W

kk(P (z);B) = C.
89
Proposition 30. Suppose the matrix norm k  k is induced by a vector norm
and n  m, and let 0 be an eigenvalue of P (z) with an associated unit eige-
nvector x0 2 Cn. Then for every  2
hpkBk2   kBx0k2 = kBk; 1, 0 lies in
W kk(P (z);B).
Theorem 31. Let P (z) be an nm matrix polynomial, B 2 Cnm be nonzero
and  2 [0; 1).
(i) If W kk(P (z);B) is unbounded, then 0 2 F kk(Al;B).
(ii) Suppose 0 2 F kk(Al;B) and 0 is not an isolated point of W kk(R(z);B), w-
here R(z) =
lP
j=0
Al jzj = zlP (z 1). Then the -orthogonality setW kk(P (z);B)
is unbounded.
Proposition 32. Let P (z) be an n  m matrix polynomial, , B 2 Cnm be
nonzero, and  2 [0; 1). Suppose also that 
  C is a compact region such that
that for every  2 
, P () is not a nonzero scalar multiple of B. Then there is
an 
 2 [0; 1) such that 
  W 
kk(P (z);B).
Proposition 33. Suppose 0 2 W (P (z)), and let x0 2 Cn such that kx0k2 = 1
and x0P (0)x0 = 0. Then for every  2
hpkBk22   jx0Bx0j2 = kBk2; 1, 0 lies
in W kk2(P (z);B).
Corollary 34. For every  2 [0; 1) such that the interior of disk D(0;p1  2 kBk2)
has an empty intersection with the standard numerical range F (B), it holds that
W (P (z))  W kk2(P (z);B).
Theorem 35. Suppose P (z) is an n  m matrix polynomial, B 2 Cnm is
nonzero,  2 [0; 1) and 0 2 W kk(P (z);B).
(i) If 0 2 @W kk(P (z);B), then 0 2 @F kk(P (0);B).
(ii) If 0 2 @F kk(P (0);B)nF kk(P 0(0);B) and P (0) 6= 0, then 0 lies on the
boundary @W kk(P (z);B).
Proposition 36. Let P (z) be an nm matrix polynomial, , B 2 Cnm be non-
zero, and 0  1 < 2 < 1. Then W 1kk(P (z);B)  W 2kk(P (z);B), and for any
 2 W 1kk(P (z);B) such that P () 6= 0,  lies in the interior of W 2kk(P (z);B).
Corollary 37. Suppose the matrix norm k  k is induced by a vector norm, and
let x0 2 Cn and y0 2 Cm be two unit vectors such that jx0By0j = kBk. Then for
any  2 [0; 1), the Birkho-James -orthogonality set W kk(P (z);B) contains all
zeros of the scalar polynomial x0P (z)y0 = x

0Aly0z
l +    + x0A1y0z + x0A0y0.
Moreover, for any  2 C such that P () 6= 0 and x0P ()y0 = 0, it holds that
 2 Int[W kk(P (z);B)] for every  2 (0; 1).
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Proposition 38. Let P (z) be an n  m matrix polynomial, B 2 Cnm be
nonzero, and 0   < 1. If there is a 0 2 C such that P (0) = 0 and
0 =2 F kk(P 0(0);B), then 0 is an isolated point of W kk(P (z);B).
In the case that the norm that we use in the denition of the Birkho{James
{orthogonality sets of matrix polynomials is induced by an inner product of
matrices, we have that
W kk(P (z);B) = f 2 C : B ?BJ P ()g
= f 2 C : jhP (); Bij   kBk kP ()kg :
As a consenquence,
W kk(P (z);B) =

 2 C : jhP (); Bij2  2kBk2kP ()k2	
=

 2 C : hP (); BihB;P ()i  2kBk2hP (); P ()i	
=
(
 2 C : h
lX
j=0
Aj
j; BihB;
lX
j=0
Aj
ji  2kBk2h
lX
j=0
Aj
j;
lX
j=0
Aj
ji
)
=
(
 2 C :
lX
i;j=0
hAi; BihB;Ajiij   2kBk2
lX
i;j=0
hAi; Ajiij  0
)
:
Writing  = u+ iv (u; v 2 R), the function
p(u; v) =
lX
i;j=0
hAi; BihB;Aji(u+iv)i(u iv)j 2kBk2
lX
i;j=0
hAi; Aji(u+iv)i(u iv)j
is a scalar polynomial in u; v 2 R of total degree 2l, with real coecients. Thus,
the boundary @W kk(P (z);B) lies on the algebraic curve
fu+ iv 2 C : p(u; v) = 0; u; v 2 Rg :
Corollary 39. For any  2 [0; 1), all zeros of the scalar polynomial hP (z); Bi =
hAl; Bizl+   + hA1; Biz+ hA0; Bi lie in the -orthogonality set W kk(P (z);B).
Moreover, for any  2 C such that P () 6= 0 and hP (); Bi = 0, it holds that
 2 Int[W kk(P (z);B)] for every  2 (0; 1).
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